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Abstract 

In this paper, we generalize the usual notions of waves, fronts and propagation 
speeds in a very general setting. These new notions, which cover all usual situations, 
involve uniform limits, with respect to the geodesic distance, to a family of hyper- 
surfaces which are parametrized by time. We prove the existence of new such waves 
for some time-dependent reaction-diffusion equations, as well as general intrinsic prop- 
erties, some monotonicity properties and some uniqueness results for almost planar 
fronts. The classification results, which are obtained under some appropriate assump- 
tions, show the robustness of our general definitions. 
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1 Introduction and main results 

We first introduce the definition of generalized transition waves and state some intrinsic 
general properties. We then give some specifications, including the notion of global mean 
speed, as well as some standard and new examples of such waves. Lastly, we state some of 
their important qualitative properties. We complete this section with some further possible 
extensions. 



1.1 Definition of generalized transition waves 

Traveling fronts describing the transition between two different states are a special important 
class of time-global solutions of evolution partial differential equations. One of the simplest 
examples is concerned with the homogeneous scalar semilinear parabolic equation 

ut = Au + f(u) in R N , (1.1) 

where u — u(t, x) and A is the Laplace operator with respect to the spatial variables in WL N . 
In this case, assuming /(0) = /(l) = 0, a planar traveling front connecting the uniform 
steady states and 1 is a solution of the type 

u(t, x) = <fi(x ■ e — ct) 

such that <j> : R — > [0, 1] satisfies (f>(— oo) = 1 and 0(+oo) = 0. Such a solution propagates in 
a given unit direction e with the speed c. Existence and possible uniqueness of such fronts, 
formulae for the speed(s) of propagation are well-known pfl [12J [25] and depend upon the 
profile of the function / on [0, 1]. 

In this paper, we generalize the standard notion of traveling fronts. That will allow us 
to consider new situations, that is new geometries or more complex equations. We provide 
explicit examples of new types of waves and we prove some qualitative properties. Although 



the definitions given below hold for general evolution equations (see Section 1.5), we mainly 
focus on parabolic problems, that is we consider reaction-diffusion-advection equations, or 
systems of equations, of the type 

u t = V x • (A(t, x) V x u) + q(t, x) ■ V x u + f(t, x, u) in Q, 

( 1 • 2 J 

g[t, x, u] = on dQ, 
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where the unknown function u, defined in E x Q, is in general a vector field 

u = («!,••• ,u m ) e W n 

and O is a globally smooth non-empty open connected subset of M. N with outward unit 
normal vector field v. By globally smooth, we mean that there exists (3 > such that Q 
is globally of class C 2 '^, that is there exist r$ > and M > such that, for all y G dQ, 
there is a rotation R y of IR^ and there is a C 2 '^ map y : B 2rQ E such that 0^(0) = 0, 

H^ll^^- 1 ) - Mand 

f2n£(y,r )= y + -R y ^{x G E^; (xi, . . . , xjv-i) G.B^ 1 , <j> y {xi, ■ ■ ■ , x N -i) <x N }\ nB(y,r ), 



where B(y,ro) = {x G M> N ; \x — y\ < tq}, \ | denotes the Euclidean norm in M> N and, for 

any s > 0, B s is the closed Euclidean ball of IR^ -1 with center and radius s (notice in 
particular that E is globally smooth). 

Let us now list the general assumptions on the coefficients of (1.2). The diffusion matrix 
field 

(t,x) i y A(t,x) = {aij(t,x))i<i d < N 
is assumed to be of class C 1,/3 (M x Q) and there exist < a\ < ot2 such that 

«i|£| 2 < CLij(t,x)^j < a 2 |£| 2 for all (t,x) elxO and £ G R N , 

under the usual summation convention of repeated indices. The vector field 

(t, x) i — y q(t, x) 

ranges in R N and is of class C '^(E x U). The function / ilxfixT^r 

(t,x,u) f(t,x,u) 

is assumed to be of class C 0,/3 in (i, x) locally in u G M m , and locally Lipschitz-continuous 
in u, uniformly with respect to (t, x) G E x Q. Lastly, the boundary conditions 

g[t, x,u] =0 on dfl 

may for instance be of the Dirichlet, Neumann, Robin or tangential types, or may be non- 
linear or heterogeneous as well. The notation g[t,x,u] = means that this condition may 
involve not only u(t, x) itself but also other quantities depending on u, like its derivatives 
for instance. 

Throughout the paper, du denotes the geodesic distance in Q, that is, for every 
pair (x,y) G Q x Q, dn(x,y) is the infimum of the arc lengths of all C 1 curves joining x 
to y in Q. We assume that Q has an infinite diameter with respect to the geodesic dis- 
tance da, that is diamn(f2) = +oo, where 

di&m n (E) = sup{d n {x,y); (x,y) G E x E) 
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for any E C SI. For any two subsets A and B of SI, we set 

d a (A,B) = inf {d a (x,y)] (x,y) eAxB}. 

For xefi and r > 0, we set 

Bn(x,r) = {y E SI; d n (x,y) < r) and S n (x,r) = [y e SI; dn(x,y) = r}. 

The following definition of a generalized transition wave, which has a geometric essence, 
involves two families (0,7) tew. and (S}t)teK of open nonempty and unbounded subsets of SI 
such that 

( si7 n sit = 0- 



dQ7 nfi = oat nn=: r, 



si7 ur ( u ^ 



;i.3) 



sup {dn(x, r t ); 160/} = +oo, 
sup {dn(x,T t ); x e Sl7} = +oo, 



1.1 



for all tel. In other words, T t splits f2 into two parts, namely SIT and 0/ (see Figure 
below). The unboundedness of the sets Sl t means that these sets have infinite diameters 
with respect to geodesic distance d&. Moreover, for each t G 1, these sets are assumed to 
contain points which are as far as wanted from the interface T t . We further impose that 

sup |dQ(y,r t ); y G fit H Sq(x, r)| — > +oo asr-J- +oo uniformly in t G R, 16^ (1.4) 

and that the interfaces r 4 are made of a finite number of graphs. By the latter we mean 
that, when N > 2, there is an integer n > 1 such that, for each t 6 E, there are n open 
subsets Co>j j4 C IR^ -1 , n continuous maps ij}^ : uj,^ t — > R and n rotations i?^ of M, N (for 
all 1 < i < n), such that 



r t C (J G R^; (xi, . . . ,xjv-i) e w i>t , arjv = V^tOi, • • • ,x N -i)}). 



1.5) 



KKn 



In dimension N — 1, the above condition reduces to the existence of an integer n > 1 such 
that T t is made of at most n points, that is T t = {xj, . . . , x™} for each t G R (where the real 
numbers xj may not be all pairwise distinct). As far as the condition (1.4) is concerned, its 
exact definition is 



inf < sup {d n (y,T t ); y G Sit H Sn(x, r)}; t Gl, x G T t \ -> +00 



inf <^ sup {cfo(y,r t ); y g f2 t fl Sn(x,r)}; i G R, x G T t +00 



as r — )• +00. 



It means that, for every point x G Tj, there are some points in both Slf and Sl7 which are 
far from T t and are at the same distance r from x, when r is large. The reason why this 
condition is used will become clearer in the following definition of transition waves. 
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Definition 1.1 (Generalized transition wave) Let p ± : Rx f2 — y R m be two classical so- 
lutions of ( |1.2 ). A (generalized) transition wave connecting p~ and p + is a time-global 
classical solution u of (1.2) such that u ^ p ± and there exist some sets (f2f ) tg R and (T t )tm 
satisfying ( |1.3 ) ; (1.4) and (1.5) with 



± 
t ) 



w(t, x) — p (t, x) — y uniformly in t G R as dn(x, T*) — >■ +oo and ig!1 
i/iai is, /or a// e > 0, there exists M such that 

Vt 6l, Vx G fif, (d n (»,r t ) > M) =>■ (|u(t,x) -p^(t,x)| < e). 



;i.6) 



Let us comment with words the key point in the above Definition l.lp Namely, a central 
role is played by the uniformity of the limits 

u(t,x) -p ± (t,x) ->■ 

as df l (x,T t ) — > +oo and x G £lf. These limits hold far away from the hypersurfaces Ft 
inside Q. To make the definition meaningful, the distance which is used is the distance 
geodesic efo- It is the right notion to fit with the geometry of the underlying domain. Fur- 
thermore, it is necessary to describe the propagation of transition waves in domains such 
as curved cylinders (like in the joint figure), spiral-shaped domains, exterior domains, etc. 



Roughly speaking, these limiting conditions (1.6), together with (1.4) and (1.5), mean that 
the transition between the limiting states p~ and p + is made of a finite number of neighbor- 
hoods of graphical interfaces, the width of these neighborhoods being bounded uniformly in 
time. Therefore, the region where a transition wave u connecting p~ and p + is not close to p ± 
has a uniformly bounded width. This is the reason why the word "transition" , referring to 
the intuitive notion of spatial transition, is used to give a name to the objects introduced in 
Definition 11.11 

We point out that, in Definition |1.1[ the limiting states p ± of a transition wave u are 
imposed to solve ( 1.2 ). In other words, a transition wave is by definition a spatial connection 
between two other solutions. Thus, if e are any two functions defined in 1 x fl such 
that e ± (t, x) — y as da(x, T t ) — y +00 and x G fif uniformly in t, and if u is any time-global 



solution of (1.2), then u is in general not a transition wave between u+e~ and u+e + , because 
the limiting states u + e^ 1 do not solve (1.2) in general. The requirement that the limiting 
states p^ of a transition wave u solve (1.2) is then made in order to avoid the introduction 



of artificial and u sele ss objects. 

In Definition |l.l[ the sets (flf)tm and (T t )tm are not uniquely determined, given a 
generalized transition wave. Nevertheless, in the scalar case, under some assumptions on p ± 
and £lf and oblique Neumann boundary conditions on dfl, the sets T t somehow reflect the 
location of the level sets of u. Namely, the following result holds: 



Actually, from standard parabolic interior estimates, any classical solution of ( 1.2 ) is such that u, Ut, u x 
and u XiXj , for all 1 < i,j < N, are locally Holder continuous in 



x CI. 



2 Definition 1 1 . 1 1 of generalized transition waves is slightly more precise than the one used in our companion 
paper 3J. In the present paper, we impose in the definition itself additional geometric conditions on the 
)teR and (r t ) te R, the meaning of which is explained in this paragraph. 



sets (fit 
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Figure 1: A schematic picture of the sets flf and T t 



Theorem 1.2 Assume thatm = 1 (scalar case), thatp are constant solutions of (1.2) such 
that p^ < p + and let u be a time-global classical solution of (1.2) such that 



{u(t,x); (t,x) GlxO} = (p~,p + ) 



and 



g[t,x,u] = /J>(t,x) ■ V x u(t,x) = onlx dfl, 
for some unit vector field \i G C 0,l3 {R x dfl) such that 

inf {fi(t, x) ■ v(x)] 

1. Assume that u is a generalized transition wave connecting p~ and p + , or p + and p~ , 
in the sense of Definition\l.l\ and that there exists r > such that 



Then 



sup {d n (x, T t -r); iel, x eT t } < +oo. 

VA G (jr,£> + ), sup {dn(x, T t ); u(t, x) = \} < +oo 



;i.t) 



and 



VC>0, p~ <inf {u(t,x); d Q (x, V t ) <C} < sup {u(t, x); d n (x,T t )<C} < p + . (1.9) 



2. Conversely, if (1.8) and (1.9) hold for some choices of sets (fl t ,T t ) t£K satis- 
fying (1.3), (1.4) and (1.5), and if there is do > snc/i taat tae sets 



{(i,i)GRxSl; a; G cZ n (>,r t ) > d} 



and 



{(t,x) Glxft; x G n^", d n (^,r t ) > d} 

are connected for all d > do, then u is a generalized transition wave connecting p~ and p + , 
or p + and p~ . 



3 Thcrefore, u and its derivatives u t , u Xi and u XiXj , for all 1 < i,j < N, are bounded and globally Holder 
continuous in M x f2. 
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The assumption (1.7) means that the interfaces T t and T t _ T are in some sense not too 
far from each other. For instance, if all T t are parallel hyperplanes in Q = R , then the 



assumption (1.7) means that the distance between T t and T t - T is bounded independently 



of t, for some r > 0. As far as the connectedness assumptions made in part 2 of Theorem |1 .2 



are concerned, they are a topological ingredient in the proof, to guarantee the uniform 
convergence of u to p ± or p T far away from T t in Qf . 

1.2 Some specifications and the notion of global mean speed 

In this section, we define the more specific notions of fronts, pulses, invasions (or traveling 
waves) and almost planar waves, as well as the concept of global mean speed, when it exists. 
These notions are related to some analytical or geometric properties of the limiting states p ± 
or of the sets (ttf ) t m and (T t )tm^ an d are listed in the following definitions, where u denotes 
a transition wave connecting p~ and p + , associated to two families (f2f )tm an d (T t )teRi i n 
the sense of Definition 11.11 

Definition 1.3 (Fronts and spatially extended pulses) Let p ± = (pf, ■ ■ ■ ,p^)- We say that 
the transition wave u is a front if, for each 1 < k < m, either 

inf {pl(t,x) -p k (t,x); x efl} > for all t G R 



or 



inf [p k (t, x) -p%(t,x); x e Q] > for all tel. 

The transition wave u is a spatially extended pulse if p ± depend only on t and p~(t) = p + (t) 
for all t E R. 

In the scalar case (m = 1), our definition of a front corresponds to the natural extension 
of the usual notion of a front connecting two different constants. In the pure vector case 
(m > 2), if a bounded C°'^(R x Q) transition wave u = (u\, . . . , u m ) is a front for problem 

u t = V x ■ (A(t, x)V x u) + q(t, x) ■ V x u + f(t, x, u) 



in the sense of Definitions 1.1 and 1.3, if ^ pj; for some 1 < k < m, then the function 



is a front connecting p k and p k for the problem 

(u k ) t = V, • (A(t, x)V x u k ) + q(t, x) ■ V x u k + f k (t, x, u k ) 

associated with the same sets {Q t )tm and (r t ) teK as u, where 

f k (t, x, s) = f(t, x, ui(t,x),..., Mfc_i(t, x), s, u k+1 (t, x), . . . , u m (t, x)) 

and / = (fi, . . . , f m ). The same observation is valid for spatially extended pulses as well. 

Definition 1.4 (Invasions) We say that p + invades p~ , or that u is an invasion of p~ by p" 1 
(resp. p~ invades p + , or u is an invasion of p + hyp') if 

D (resp. Qt D Q~) for all t > s 

and 

dn(T t , T s ) -)■ +oo as \t — s\ — )• +oo. 
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Therefore, if p + invades p~ (resp. p~ invades p + ), then u(t, x) — p(t, x) — > as t — > ±00 
(resp. as t — > =Foo) locally uniformly in Q with respect to the distance oIq. One can then 
say that, roughly speaking, invasions correspond to the usual idea of traveling waves. Notice 
that a generalized transition wave can always be viewed as a spatial connection between p~ 
and p + , while an invasion wave can also be viewed as a temporal connection between the 
limiting states p~ and p + . 

Definition 1.5 (Almost planar waves in the direction e) We say that the generalized tran- 
sition wave u is almost planar (in the direction e G S^ 1 ) if, for all t G R, the sets fif can 
be chosen so that 

T t = {x G Q; x-e = £ t ] 

for some £ t G R. 

By extension, we say that the generalized transition wave u is almost planar in a moving 
direction e(t) G S^ 1 if, for all teR,ttf can be chosen so that 

r t = {x6 0; x-e(t) = &} 

for some & G R. 

As in the usual cases (see Section 1.3), an important notion which is attached to a 
generalized transition wave is that of its global mean speed of propagation, if any. 

Definition 1.6 (Global mean speed of propagation) We say that a generalized transition 
wave u associated to the families (0^) t6 R and (r t ) tgK has global mean speed c (> 0) if 

dn(r t ,r fl ) 

— : : > c as \t — s — y +00. 

\t — s\ 

We say that the transition wave u is almost-stationary if it has global mean speed c = 0. We 
say that u is quasi-stationary if 

sup {d n (r t ,r s ); (t,s) G R 2 } < +00, 

and we say that u is stationary if it does not depend on t. 

The global mean speed c, if it exists, is unique. Moreover, under some reasonable as- 
sumptions, the global mean speed is an intrinsic notion, in the sense that it does not depend 
on the families (Qf )tm and (V t )teM.- This is indeed seen in the following result: 



Theorem 1.7 In the general vectorial case m > 1, letp ± be two solutions of (1.2) satisfying 

inf { \p~(t, x) — p + (t,x)\) (t,x) 6RxQ}>0. 



Let u be a transition wave connecting p and p + with a choice of sets (Vt t ) te a and (Tt)teR, 
satisfying ( |1.3 ), (1.4) and (1.5). If u ha s glob al me an sp eed c, then, for any other choice of 
sets ((if ) t£ R and (T t ) t&i , satisfying (1.3), (1.4) and (1.5), u has a global mean speed and this 
global mean speed is equal to c. 
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1.3 Usual cases and new examples 

In this subsection, we list some basic examples of transition waves, which correspond to the 
classical notions in the standard situations. We also state the existence of new examples of 
transition fronts in a time-dependent medium. 



For the homogeneous equation (1.1) in R , a solution 



u(t, x) = (f>(x ■ e — ct), 

with </>(— oo) = 1 and 0(+oo) = (assuming /(0) = /(l) = 0) is an (almost) planar invasion 
front connecting p~ — 1 and p + = 0, with (global mean) speed |c|. The uniform stationary 
state p~ — 1 (resp. p + = 0) invades the uniform stationary p + = (resp. p~ = 1) if c > 
(resp. c < 0). The sets Clf can for instance be defined as 

ttf = {x E R N ; ±(x-e- ct) > 0}. 

The general definitions that we just gave also generalize the classical notions of pulsating 
traveling fronts in spatially periodic media (see |21l5lEllSllIElEQlE3lE3lS3li3) with 
possible periodicity or almost-periodicity in time (see [HI [3QJ E21 [3H |35l [36j El]) or in 
spatially recurrent media (see [27]). 

We point out that the limiting states p ± (t, x) are not assumed to be constant in general. 
It is indeed important to let the possibility of transition waves connecting time- or space- 
dependent limiting states. In the aforementioned references in the periodic case, the limiting 
states are typically periodic as well. Let us mention here another situation, corresponding 
to a one- dimensional medium which is asymptotically homogeneous but not uniformly ho- 
mogeneous, and let us explain what a transition wave can be in this case. Namely, consider 
an equation of the type 

ut = u xx + f(x,u), 

where u : R x R — > R m , f(x, Oi) = for all i£R, f(x, o 2 ) — >• as x -> -oo, f(x, a 3 ) -> 
as x — > +oo, and a\, and 03 are three distinct vectors in R m . The homogeneous states (12 
and 03 are solutions of the limiting equations obtained as x — > —00 and x — > +00 respectively, 
but these states do not solve the original equation in general since f(x, 02) and f(x, a^) are not 
identically equal to in general. One can then wonder what could be a generalized transition 
wave u(t, x) connecting p~ = a\ to another limiting state p + , with a single interface Ft = {x t } 
such that Q t = {x G R; ±(x — x t ) < 0} and x t — > ±00 as t — >■ ±00. The limiting 
state p + (t,x) such that u(t,x) — p + (t,x) — > as x — x t — > —00 (uniformly in t G R) cannot 
be 02 or 03 in general. A natural candidate could be a solution p + (x) of the stationary 
equation 

p + '\x) + f(x,p + (x)) = 0, xeR, 

such that p + (— 00) = 02 and p + (+oo) = 03. If such a solution p + exists, a transition 
wave connecting p~ = a\ and p + and satisfying lim^-too x t = ±00 would then be such 
that u(t,x) — > ci2 (resp. u(t,x) — > ai) as x — >• —00 (resp. x — > +00) locally uniformly 
in t G R, but u(t,x) — > p + (a;) ^ 02 as t — >• +cxd locally uniformly in 1 6 1. Without going 



into further details here, this simple example already illustrates the wideness of Definition [TTT 
and the possibility of new objects connecting general non-constant limiting states. 
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In the particular one- dimensional case, when equation (1.2) is scalar and when the limi- 
■ are ordered, 



ting states are ordered, say p > p~ , Definition [Ljj corresponds to that of "wave-like" 
solutions given in [38]. However, Definition [lT] also includes more general situations involving 
complex heterogeneous geometries or media. Existence, uniqueness and stability results 
of generalized almost planar transition fronts in one-dimensional media or straight higher- 
dimensional cylinders with combustion-type nonlinearities and arbitrary spatial dependence 
have just been proved in [2E1 I2H E31 US] ■ In general higher-dimensional domains, generalized 
transition waves which are not almost planar can also be covered by Definition 1.1 such 
transition waves are known to exist for the homogeneous equation (1.1 ) in IR for usual types 



of nonlinearities / (combustion, bistable, Kolmogorov-Petrovsky-Piskunov type), see [3l [TO] 
[T7] ITS'] |2"T] 1221 EH El SI] for details. Further on, other situations can also be investigated, 



such as the case when some coefficients of (1.2) are locally perturbed and more complex 



geometries, like exterior domains (the existence of almost planar fronts in exterior domains 
with bistable nonlinearity / has just been proved in [1]), curved cylinders, spirals, etc can 
be considered. 

It is worth mentioning that, even in dimension 1, Definition 1.1 also includes a very 
interesting class of transition wave solutions which are known to exist and which do not fall 
within the usual notions, that is invasion fronts which have no specified global mean speed. 

L, if / 



For instance, for (1.1) in dimension N 



f(u) satisfies 



/ is C 2 concave in [0, 1], positive in (0, 1) and /(0) = /(l) = 0, 



then there are invasion fronts connecting and 1 for which Q t = (xt, 
and 



-oo), VtJ 



;i.io) 



-oo,x t . 



Xf 

T 



— > c\ as t — > 



i x t 

-oo and — > c 2 as t — > 



-oo 



with 2 a//' (0) < ci < c 2 (see [18]). There are also some fronts for which x t /t — > C\ > 2a/ /'(0) 
as t — > — oo and x t /t — > +oo as t — > +oo. For further details, we refer to [3J ITS"] . 

In the companion survey paper [3J, we made a detailed presentation of the usual particular 



cases of transition waves covered by Definition |1.1| We explained and compared the notions 
of fronts which had been introduced earlier, starting from the simplest situations and going 
to the most general ones. In the present paper, in addition to the intrinsic properties of 



the generalized transition waves stated in Theorems 1.2 and 1.7 above, we mainly focus 
on the proof of some important qualitative properties, including some monotonicity and 
uniqueness results, and on the application of these qualitative properties in order to get 
Liouville-type results in some particular situations. In doing so, we prove that, under some 
assumptions, the generalized transition waves reduce to the standard traveling or pulsating 
fronts in homogeneous or periodic media. These qualitative properties are stated in the 



next subsection 1.4 In a forthcoming paper, we deal with a general method to prove the 
existence of transition waves in a broad framework. However, in the present paper, in order 
to illustrate the interest of the above definitions, we also analyze a specific example which had 
not been considered in the literature. We prove the existence of new generalized transition 
waves, which in general do not have any global mean speed, for time-dependent equations. 
Namely, we consider one-dimensional reaction-diffusion equations of the type 



Ut = Uxx + f(t,u) 
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where the function / :lx [0, 1] — > R is of class C 1 and satisfies: 

' VteR, /(t,0) = /(t,l) = 0, 
V(t,s)eRx[0,l], f(t,s)>0, 
3t 1 <t 2 eR, 3f 1 ,f 2 eC 1 ([0,l];R), 
V(*,s) G (-00, ti] x [0,1], 
V(t,s) G [t 2 ,+oo) x [0,1], 
f[(0) > 0, £(0) > 0, 
VsG(0,l), /i(s)>0, / 2 (s)>0. 



/M 



/ 2 («), 



;i.i2) 



In other words, the function / is time-independent and non-degenerate at for times less 
than t\ and larger than t 2 , and for the times t G (ti,t 2 ), the functions fit,-) are just 
assumed to be nonnegative, but they may a priori vanish. If f\ and / 2 are equal, then 
the nonlinearity f(t, s) can be viewed as a time-local perturbation of a time-independent 
equation. But, it is worth noticing that the functions fi and f 2 are not assumed to be equal 
nor even compared in general. When t < t±, classical traveling fronts 



(t,x) Gl 2 4 if! 



x 



ct) G [0, 1] 



such that y?i, c (— 00) = 1 and <£>i jC (+oo) = are known to exist, for all and only all speeds 
c > c*, where c* > f[ (0) > only depends on f 1 (see e.g. p]). The open questions are 
to know how these traveling fronts behave during the time interval [^1,^2] and whether they 
can subsist and at which speed, if any, they travel after the time t 2 . Indeed, it is also known 
that, when t > t 2 , there exist classical traveling fronts 

(t, i)el 2 4 (p 2 , c ( x ~ ct ) e [°> l \ 

such that v 9 2, c (— 00) = 1 and v ? 2, c (+oo) = for all and only all speeds c > c|, where 
c 2 — 2^/2(0) > only depends on f 2 . The following result provides an answer to these 
questions and shows the existence of generalized transition waves connecting and 1 for 
equation (1.11), which fall within our general definitions and do not have any global mean 
speed in general. To state the result, we need a few notations. For each c > c*, we set 

if c > c*, 



Cl 



: * i + v / c *2_ 4/ , (0) 



;i.i3) 



if c 



1- 



We also denote 



A 



c\-^cf- 4/^(0) 



±(x - x t ) < 0}, 



Theorem 1.8 For equation (1.11) under the assumption (1.12), there exist transition in- 
vasion fronts connecting pr = and p + = 1, for which f2 t = {x G 
r t = /or all t G R, 

x t = c\t for t < ti and — — > c 2 as t — )■ +00, 



11 



where c\ is any given speed in \c\,+oo) and 



. Ai )Cl + - Z/Ai iCl <A 2 , 

C 2 = < Ai, ci (1.14) 



»7 Ai, ci > A 2 ' . 



When fi = f2, then c\ = c 2 and the transition fronts constructed in Theorem 1.8 are such 
that Ci = C2, whence they have a global mean speed c = c\ = C2 in the sense of Definition |1.6| 
When /1 < / 2 (resp. /1 > / 2 )? then c\ < c 2 (resp. > c 2 ), the inequalities Ci < c 2 (resp. 
c i > c 2 ) always hold and, for c\ large enough so that Ai jCl < X 2 ~ , the inequalities C\ < c 2 
(resp. Ci > C2) are strict if f[{0) 7^ / 2 (0) (hence, these transition fronts do not have any 
global mean speed). 

In the general case, acceleration and slow down may occur simultaneously, for the same 



equation (1.11) with the same function /, according to the starting speed c\. for instance, 



there are examples of functions f\ and / 2 for which 

c 2 > Ci for all c\ > c*, and c 2 < c\ for c\ = c*. 

To do so, it is sufficient to choose / 2 of the Kolmogorov-Petrovsky-Piskunov type, that is 
/2(s) < /^(O) 5 i n (0) 1) whence c 2 = 2y^(0) = 2A2' ~, and to choose fi in such a way that 
/i(0) < /^(O) and > C2 (for instance, if / 2 is chosen as above, if M > is such that 
V^M > c* 2 and if 

M 

AO) > y x (1 - |x - 1 + e|) on [1 - 2e, 1] 
for £ > small enough, then > C2 for £ small enough, see [9]). 



Lastly, it is worth noticing that, in Theorem 1.8 , the speed ci of the position xt at large 
time is determined only from c\, f\ and f 2 , whatever the profile of / between times t\ and t 2 
may be. 



Remark 1.9 The solutions u constructed in Theorem 1.8 are by definition spatial transition 
fronts connecting 1 and 0. Furthermore, it follows from the proof given in Section[3]that these 
transition fronts can also be viewed as temporal connections between a classical traveling front 
with speed C\ for the nonlinearity fi and another classical traveling front, with speed c 2 , for 
the nonlinearity f 2 . 



1.4 Qualitative properties 



We now proceed to some further qualitative properties of generalized transition waves. 
Throughout this subsection, m = 1, i.e. we work in the scalar case, and u denotes transition 
wave connecting p~ and p + , for equation (1.2), associated with families (O^ )teR and (r t ) tg R 
satisfying properties (1.3), (1.4), (1.5) and (1.7). We also assume that u and p ± are globally 
bounded in R x Q and that 



fi(x) ■ V x u(t, x) = fi(x) ■ V x p ± (t, x) = onRx dfl, 



;i.i5) 
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where \i is a C 0,l3 (dfl) unit vector field such that 

inf {fj,(x) ■ u(x); x G dil} > 0. 

First, we establish a general property of monotonicity with respect to time. 

Theorem 1.10 Assume that A and q do not depend on t, that f and p are nondecreasing 
in t and that there is 5 > such that 

s i — y f(t,x,s) is nonincreasing in (— oo, p~(t,x) + 5} and [p + (t,x) — 5, +oo) (1-16) 

for all (t,x) G R x Q. If u is an invasion of p~ by p + with 

k := inf {p + (t,x) -p~(t,x); (t, x) G R x H} > 0, (1.17) 

then u satisfies 

V(t,i)6lxn, p~(t,x) < u{t,x) < p + {t,x). (1.18) 
and u is increasing in time t. 



Notice that if (1.18) holds a priori and if / is assumed to be nonincreasing in s for s 
in \p~ (t,x),p~ (t,x) + 5} and [p + (t,x) — 5, p + (t,x)} only, instead of (— oo, p~(t, x) + 5} and 
\p + {t, x) — 5, +oo), then the conclusion of Theorem 1.10 (strict monotonicity of u in t) holds. 
The simplest case is when / = f(u) only depends on u and p ± are constants and both stable, 
that is f (p±) < 0. 

The monotonicity result stated in Theorem 1.10 plays an important role in the following 
uniqueness and comparison properties for almost planar fronts: 



Theorem 1.11 Under the same conditions as in Theorem 1.10 , assume furthermore that f 
and p are independent of t, that u is almost planar in some direction e G S^ -1 and has 
global mean speed c > 0, with the stronger property that 

sup{|rf n (r t ,r s ) -c\t-s\ |; (t, s) G M 2 } < +oo, (1.19) 

where 

V t = {x G Q; x ■ e - £ t = 0} and Qf = {x G Q; ±{x ■ e - £ t ) < 0}. 

Let u be another globally bounded invasion front of p~ by p + for equation ( |1.2[ ) and (1.15), 
associated with 

f t = [x G O; x ■ e - £ t = 0} and Qf = [x G Q; ±{x ■ e - £ t ) < 0} 

and having global mean speed c > such that 

sup { | d n (f t , f s ) - c|t - s| |; (t, s) G M 2 } < +oo. 

T/ien c = c and there is (the smallest) T G K suc/i i/iat 

w(t + T, x) > u(t, x) for all (t, x) G E x U. 

Furthermore, there exists a sequence (t n ,x n ) ne -M in R x Q such that 

(dn(x n , r tn )) ngN is bounded and u{t n + T, x n ) — u(t n , x n ) — > as n ^ +oo. 

Lastly, either u(t + T,x) > u(t,x) for all (t, x) G R x or w(t + T, a;) = u(t,x) for all 
(t,x) G R x n. 
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This result shows the uniqueness of the global mean speed among a certain class of almost 
planar invasion fronts. It also says that any two such fronts can be compared up to shifts. 
In particular cases listed below, uniqueness holds up to shifts. However, this uniqueness 
property may not hold in general. 



Remark 1.12 Notice that property (1.19) and the fact that u is an invasion imply that the 
speed c is necessarily (strictly) positive. 

As a corollary of Theorem |1. 11 we now state a result which is important in that it 
shows that, at least under appropriate conditions on /, our definition does not introduce 
new objects in some classical situations: it reduces to pulsating traveling fronts in periodic 
media and to usual traveling fronts when there is translation invariance in the direction of 
propagation. 



Theorem 1.13 Under the conditions of Theorem 1.11 , assume that Q, A, q, f, \i and p ± 
are periodic in x, in that there are positive real numbers Li, . . . , > such that, for every 
vector k = (ki, . . . , k N ) G L{L x ■ ■ ■ x L N Z, 

tt+k=tt, 

A(x + k) = A(x), q(x + k) = q(x), f(x + k, ■) = f(x, ■), p ± (x + k) = p ± (x) for all x£fl, 
fi(x + k) = fi(x) for all x G dfl. 

(i) Then u is a pulsating front, namely 

u (t + - - 6 ,x ) = u(t, x — k) for all (t,i)6lxfi and k G L{L x ■ ■ ■ x L N Z, (1.20) 



c 

where 7 = 7(e) > 1 is given by 

7(e) = __ hm (1.21) 

(x,j/)eQxf2, (x—y) || e, \x— y\— s>+oo \X — y\ 

Furthermore, u is unique up to shifts in t. 

(ii) Under the additional assumptions that e is one of the axes of the frame, that Q is 
invariant in the direction e and that A, q, f , /1 and p ± are independent of x ■ e, then u 
actually is a classical traveling front, that is: 

u(t, x) = <p(x ■ e — ct, x 1 ) 

for some function <\>, where x' denotes the variables of§L N which are orthogonal to e. More- 
over, 4> is decreasing in its first variable. 

(iii) If fl = R N and A, q, f(-,s) (for each s G R), p^ are constant, then u is a planar 
(i.e. one- dimensional) traveling front, in the sense that 

u(t, x) = 4>(x ■ e — ct), 

where : M — >• (p~ ,p + ) is decreasing and 0(=Foo) = p ± . 
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Notice that properties (1.4) and (1.7) are automatically satisfied here -and property (1.7) 
is actually satisfied for all r > 0- due to the periodicity of f2, the definition of Q t and 



assumption (1.19) 



The constant 7(e) in (1.21) is by definition larger than or equal to 1. It measures the 
asymptotic ratio of the geodesic and Euclidean distances along the direction e. If the do- 
main Q is invariant in the direction e, that is Q = Q + se for all s6K, then 7(e) = 1. For a 



pulsating traveling front satisfying (1.20), the "Euclidean speed" c/j(e) in the direction of 



propagation e is then less than or equal to the global mean speed c (the latter being indeed 
defined through the geodesic distance in Q). 

Part (ii) of Theorem 1.13 still holds if e is any direction of IR and if Q, A, q, f, fi and p ± 
are invariant in the direction e and periodic in the variables x'. This result can actually be 
extended to the case when the medium may not be periodic and u may not be an invasion 
front: 

Theorem 1.14 Assume that Q is invariant in a direction e G S^ -1 , that A, q, fi and p ± 



depend only on the variables x' which are orthogonal to e, that f = f(x',u) and that (1.16) 



and (1.17) hold 



If u is almost planar in the direction e, i.e. the sets £lf can be chosen as 

ttf = {x G Q; ±0 • e - &) < 0}, 

and if u has global mean speed c > with the stronger property that 

sup { I |& - i s \ —c\t — s\\\ (t, s) G R 2 } < +00, 

then there exists e€ {-1,1} such that 

u(t, x) = (p(x ■ e — ect, x') 

for some function <fi. Moreover, <fr is decreasing in its first variable. 

If one further assumes that c = 0, then the conclusion holds even if f and p ± also depend 
on x ■ e, provided that they are nonincreasing in x ■ e. In particular, if u is quasi- stationary 



in the sense of Definition 1.6 , then u is stationary. 



In Theorems 1.13 and 1.14 , we gave some conditions under which the fronts reduce to 
usual pulsating or traveling fronts. The fronts were assumed to have a global mean speed. 



Now, the following result generalizes part (iii) of Theorem 1.13 to the case of almost planar 
fronts which may not have any global mean speed and which may not be invasion fronts. It 
gives some conditions under which almost planar fronts actually reduce to one-dimensional 
fronts. 

Theorem 1.15 Assume that Q = M. N , that A and q depend only on t, that the functions p ± 
depend only on t and x ■ e and are nonincreasing in x ■ e for some direction e G S^ -1 , that 
f = f(t,x ■ e,u) is nonincreasing in x ■ e, and that (1.16) and (1.17) hold. If u is almost 
planar in the direction e with 



n 



± 



{iGK^; ±(>-e-&) <0} 
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such that 

3a > 0, sup {|& - £ s |; (t,s) G IR 2 , |£ - s| < a} < +00, 
i/ien u is planar, i. e. u only depends on t and x ■ e : 

u(t, x) = <f>(t, x ■ e) 
for some function <fi : IR 2 — > IR. Furthermore, 

V (t,x) ERxR N , p~(t,x- e) < u(t,x) < p + {t,x- e) 
and u is decreasing with respect to x ■ e. 



;i.22) 



;i.23) 



Notice that the assumption sup{|£ t+(7 — £ t |; t G 1} < +00 for every a G IR is clearly 
stronger than property (1.7). But one does not need £ t to be monotone or \£ t — £s| ~ +00 
as \t — s\ — > +00, namely u may not be an invasion front. 

As for Theorem 1.10, if the inequalities (1.23) are assumed to hold a priori and if / is 
assumed to be nonincreasing in s for s in [p~ (t, x-e) , p~ (t, x-e)+5] and \p + (t,x-e)—5,p + (t,x-e)} 
only instead of (— 00, p~(t, x ■ e) + 5} and [p + (t, x • e) — 8, +00), then the strict monotonicity 
of u in x ■ e still holds. 

As a particular case of the result stated in Theorem 1.14 (with c = 0), the following 
property holds, which states that, under some assumptions, any quasi-stationary front is 
actually stationary. 



Corollary 1.16 Under the conditions of Theorem |1.15[ if one further assumes that the 
function t £ t is bounded and that A, q, f and p^ do not depend on t, then u depends 
on x ■ e only, that is u is a stationary one-dimensional front. 



1.5 Further extensions 



In the previous sections, the waves were defined as spatial transitions connecting two limiting 
states p~ and p + . Multiple transition waves can be defined similarly. 

Definition 1.17 (Waves with multiple transitions) Let k > 1 be an integer and letp 1 , ■ ■ ■ ,p k 
be k time-global solutions of (1.2). A generalized transition wave connecting p 1 , . . . ,p k is a 
time-global classical solution u of (1.2) such that u^pP for all 1 < j < k, and there exist k 
families (fl J t )tm (1 < j < k) of open nonempty unbounded subsets ofVL, a family (r t )tm of 
nonempty subsets of Q and an integer n > 1 such that 



a 



vtGM, Vj^f e{i,...,k}, n{nn{ = ®, 
vt g iR, [J (dn{ n n) = r t , r t u (J n( 

l<j<k l<j<k 

V£ G IR, V j G {1, . . . , k}, sup {d n (x, T t ); x G = +00, 

VA > 0, 3r > 0, Vt G IR, Vx G r t , 31 < j ^ f < k, 3yi G Q? t , 3y? G fif , 

dn(x,y J ) = dn(x,y 3 ') = r and min (d n (y\ T t ), d n (y 3 ' , Y t )) > A, 
if N = 1 then T t is made of at most n points, 



if N > 2 then (1.5) is satisfied, 
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and 

u(t, x) — p>(t,x) — > uniformly in t £l as ^(x, I\) — >■ +00 and sGfij 

/or all 1 < j < k . 

Triple or more general multiple transition waves are indeed known to exist in some 
reaction-diffusion problems (see e.g. [HI [13]). The above definition also covers the case 
of multiple wave trains. 

On the other hand, the spatially extended pulses, as defined in Definition L3 with 
p~(t) = p + (t), correspond to the special case k = 1, p 1 = p ± (t) and Q] = U in 
the above definition. We say that they are extended since, for each time t, the set T t is 
unbounded in general. The usual notion of localized pulses can be viewed as a particular 
case of Definition 11.171 

Definition 1.18 (Localized pulses) In Definition ]!. 17\ if k = 1 and if 

sup |dianiQ(r t ); t G R} < +00, 

then we say that u is a localized pulse. 

In all definitions of this paper, the time interval R can be replaced with any interval 
I C R. However, when I ^ R, the sets flf or Vl{ are not required to be unbounded, but one 
only requires that 

lim ( sup {dn(x, T t ); x <E {if}) = +00 or lim ( sup {cfn(x, V t ); 1 G O]} = +00, 

in the case of double or multiple transitions, if I D [a, +00) (resp. 

lim ( sup {dn{x, T t ); x G Qf}) = +00 or lim ( sup {dn(x, T t ); x G fij}) = +00 

if I D (—00, a}). The particular case I = [0, T) with < T < +00 is used to describe the 
formation of waves and fronts for the solutions of Cauchy problems. 

For instance, consider equation (1.1) for t > 0, with a function / G C 1 ([0, 1]) such that 
/(0) = /(l) = 0, / > in (0, 1) and /'(0) > 0. If u is in ^(R^) and satisfies < u < 1 
with u ^ and if u(t,x) denotes the solution of (1.1) with initial condition tt(0, •) = «o, 
then < u(t, x) < 1 for all t > and a; G R and it follows easily from [U [21] that there 
exists a continuous increasing function [0, +00) 3 t \-> r(t) > such that r(t)/t — > c* > as 
t +cxd and 



lim ( inf {w(t, x); t > 0, r(t) > A, < |x| < r(t) - A}) = 1, 
lim ( sup |u(t,ar); t > 0, Ircl > r(t) + A}) = 0, 



where c* > is the minimal speed of planar fronts <p(x — ct) ranging in [0, 1] and connecting 
and 1 for this equation (in other words, the minimal speed c* of planar fronts is also the 
spreading speed of the solutions u in all directions). If we define 

Q~ = {x G R N ; \x\ < r(t)}, Sl^={iG R N ; \x\ > r(t)} and T t = {x G R N ; \x\ = r(t)} 
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for all t > 0, then the function u(t, x) can be viewed as a transition invasion wave connecting 
p~ = 1 and p + = in the time interval [0, +oo). We also refer to [7] for further definitions 
and properties of the spreading speeds of the solutions of the Cauchy problem u t = Au + f(u) 
with compactly supported initial conditions, in arbitrary domains Q and no-flux boundary 
conditions. 

It is worth pointing out that, for the one-dimensional equation u t = u xx + f(u) in R with 
C 1 ([0,1],R) functions / such that f(0) = f(l) = 0, f(s) > and f'(s) < f(s)/s on (0,1), 
there are solutions u : [0, +oo) x R — > [0, 1], (t, x) h-> u(t, x) such that 

u(t, — oo) = 1, u(t, +oo) = for all t > 0, and lim OIU^W = 0; 

t— >+oo 

see |19j . At each time t, u(t,-) connects 1 to 0, but since the solutions become uniformly 
flatter and flatter as time runs, they are examples of solutions which are not generalized 
fronts connecting 1 and 0. 

Time-dependent domains and other equations. We point out that all these general 
definitions can be adapted to the case when the domain 

= tt t 

depends on time t. 

Lastly, the general definitions of transition waves which are given in this paper also hold 
for other types of evolution equations 

F[t,x,u,Du,D 2 u, ■■■] = 

which may not be of the parabolic type and which may be non local. Here Du stands for 
the gradient of u with respect to all variables t and x. 



Outline of the paper. The following sections are devoted to proving all the results we 
have stated here. Section [2] is concerned with level set properties and the intrinsic character 
of the global mean speed. In Section |3j we prove Theorem L8 on the existence of genera- 
lized transition waves for the time-dependent equation (1.11). Section [1] deals with the 
proof of the general time-monotonicity result (Theorem 1.10). Section [5] is concerned with 
the proofs of Theorems |1.11| and |1.13| on comparison of almost planar invasion fronts and 



reduction to pulsating fronts in periodic media. Lastly, in Section [6j we prove the remaining 
Theorems 1.14 and |1.15 concerned with almost planar fronts in media which are invariant 
or monotone in the direction of propagation. 



2 Intrinsic character of the interface localization and 
the global mean speed 

Given a generalized transition wave u, we can view the set T t as the continuous interface 
of u at time t. Of course this set is not uniquely defined, however, as we shall prove here, 
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its localization in terms of (1.8) and (1.9) is intrinsic. Thus, this gives a meaning to the 
"interface" in this continuous problem (even though it is not a free boundary). This section 
is divided into two parts, the first one dealing with the properties of the level sets and the 
second one with the intrinsic character of the global mean speed. 



2.1 Localization of the level sets: proof of Theorem 1.2 



Heuristically, the fact that u converges to two distinct constant states p ± in Q,f uniformly 
as dn(x, T t ) — > +oo will force any level set to stay at a finite distance from the interfaces I\, 
and the solution u to stay away from p in tubular neighborhoods of T t . 

More precisely, let us first prove part 1 of Theorem 1.2 Formula (1.8) is almost imme- 
diate. Indeed, assume that the conclusion does not hold for some A G {p~~,p + )- Then there 
exists a sequence (t n ,x n ) ne ^ in K x Q such that 

u(t n , x n ) = A for all n G N and dn(x n , T tn ) — > +oo as n — >• +oo. 

Up to extraction of some subsequence, two cases may occur: either x n G and then 
u(t n ,x n ) — > p~ as n — > +oo, or x n G Qf n and then u(t n ,x n ) — > p + as n — > +oo. In both 
cases, one gets a contradiction with the fact that u(t n ,x n ) = A G (p~,p + )- 

Assume now that property ( |1.9 ) does not hold for some C > 0. One may then assume 
that there exists a sequence (t n ,x n ) n ^ of points in K x Q such that 



dn(x n , T tn ) < C for all n G N and u(t n , x n ) — > p as n — > +oo 



(2.1) 



(the case where u(t n ,x n ) —> p + could be treated similarly). Since c^(x n ,r 4n ) < C for all n, 
it follows from ( 1.7[ ) that there exists a sequence (xn)n<=N such that 

x n G T tn - T for all n G N and sup {dn(x n , x n ); n G N} < +oo. 



On the other hand, from Definition |1.1[ there exists d > such that 

p~ + p A 



From (|l.4|), there exists r > such that, for each n G N, there exists a point y n G ^t n -r 

dn(x n ,y n ) = r and d n (y n , T in _ T ) > d. 



satisfying 
Therefore 



V n G N, u(t„ - r, y n ) > 



(2.2) 



But the sequence (dn(x n , y n ))n& is bounded and the function v = u—p is nonnegative and 
is a classical global solution of an equation of the type 



V x ■ (A(t, x)V x v) + q(t, x) ■ V x v + b(t, x)v in R x Q 
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for some bounded function b, with x) ■ V x v(t, x) = on dfl. Furthermore, the function v 
has bounded derivatives, from standard parabolic estimates. Since v(t n , x n ) — > as n — > +00 
from (2.1 ), one concludes from the linear estimates that v(t n — r, y n ) — > as n — > +00 Q But 



v(t n - T,y n ) > 



— p 



> 



from (2.2). One has then reached a contradiction. This gives the desired conclusion (1.9). 

To prove part 2 of Theorem 1.2, assume now that (1.8) and (1.9) hold and that there is 
do > such that the sets 



{(t,x) e R x n- x g nf, dn(x,T t ) > d) 



and 



{(t,x) elxfi; x G fit, d n (x,T t ) > d) 
are connected for all d> do- Denote 



rn 



liminf u(t,x) and M 



limsup u(t, x). 



One has p~ < m~ < M~ < p + . 

Call A = (m~ + M~)/2. Assume now that mT < M~ . Then A G {p~ ,p + ) and, from (1.8), 
there exists C > such that 

dn(x, F t ) < C for all (t,x) elxfl such that u(t, x) = A. 

Furthermore, there exist some times ti,t 2 G R and some points Xi,X2 with Xj G fi^ such 
that «(ti,a;i) < A < u(t 2 ,X2) and dn(xj, r t J > max(Co,(io) for i = 1,2. Since the set 

{(f,i)eExfl; x G , dn(x,T t ) > max(C ,rfo)} 

is connected and the function u is continuous in R x Q, there would then exist t G R and 
x G fi;T such that dn(x, Tt) > max(Co,<io) and u(t,x) = A. But this is in contradiction with 
the choice of Co- 



4 We use here the fact that, since the domain f2 is assumed to be globally smooth, as well as all coefficients 
A, q and p of (1.2 1 and (1.151, in the sense given in Section [I] then, for every positive real numbers 
8, p, a, M, B and 77 > 0, there exists a positive real number e = e{8,p,a,M,B,rj] > such that, for 
any to € R, for any C 1 path P : [0, 1] — > f2 whose length is less than S, for any nonnegative classical 
supersolution u of 

> Vz • x) V x u) + q(t, x) ■ V x u + b(t, x)u 

in the set 



E = Et^p^ = [t ,t + p]x{x e n; d Q (x,P([0,l]))<p} U [t ,to + CT]xB (F(0),p), 



satisfying (1.15) on dE fl(Ix dfl), \\V x u\\ L ~>(E) < M, < B and 

max{u(t ,P(s)); s € [0,1]} > r/, 

then u(i +cr,P(0)) > e. 
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Therefore, p < m = M < p + and 

u(t, x) — > rrT uniformly as dn(x, T t ) — > +00 and x G Qf. 

Similarly, 

u{t,x) — > m + G [p~,p + ] uniformly as d^x, T t ) — > +00 and x G flf. 

If max(m",m + ) < p + , then there is £ > and C > such that a;) < p + — e for all (t, x) 
with dn(^,r t ) > C. But 

sup {w(t,a;); d n (x,T t ) < C} < p + 



because of (1.9). Therefore, sup {u(t,x); (t,x) G M x Q} < p + , which contradicts the fact 



that the range of u is the whole interval (p~,p + )- As a consequence, 

max(m",m + ) = p + . 

Similarly, one can prove that min(m~,m + ) = p~ . 

Eventually, either m~ = p~ and m + = p + , or mT = p + and m + = p~ , which means 
that m is a transition wave connecting p~ and p + (or p + and That completes the proof 
of Theorem O □ 

2.2 Uniqueness of the global mean speed for a given transition 
wave 

This section is devoted to the proof of the intrinsic character of the global mean speed, when 
it exists, of a generalized transition wave in the general vectorial case m > 1, when p + and p~ 
are separated from each other. 



Proof of Theorem 1.7 We make here all the assumptions of Theorem 1.7 and we call 

f t = dtt~ f)tt = dtt+ n 
for all t G M. We first claim that there exists C > such that 

dn{x, f t ) < C for all t G R and xeT t . 
Assume not. Then there is a sequence (t n , x n ) ng ^ in R x Q such that 

x n G T tn for all n G N and d^(x n ,T tn ) —> +00 as n — >■ +00. 

Up to extraction of some subsequence, one can assume that x n G (the case where x n G Qf^ 
could be handled similarly). Call 

e = inf {\p~(t,x) -p + (t,x)\; (t, x) G R x U} > 

and let A > be such that 

z) -p + (t, z)\ < I for all (t, z) G K x H with d n (^,r t ) > A and z G 
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From the condition (1.4), there exist r > and a sequence (y n )„ e N such that 

y n eQf n i d n (x n ,y n ) = r and d n (y n ,T tn ) > A 
for all n G N. Therefore, 

du(y n , r tn ) ->> +00 asn^ +00 
and i/ n G for n large enough. As a consequence, 

u{t n ,y n ) -p~(t n ,y n ) -»■ as w ^ +00. 
On the other hand, du(y n , T tn ) > A and ?/ n G whence 

|u(*»,3/n) -P + (t n ,2/n)| < I 

for all n G N. It follows that 

limsup |p~(t„,y„) -p + (t„,y n )| < % 

n— >+oo ^ 

This contradicts the definition of e. 

Therefore, there exists C > such that 

VtGM, V x G r t , d n (a:, f t ) < C. (2.3) 

Let now (t, s) G M 2 be any couple of real numbers and let rj > be any positive number. 
There exists (x,y) G T t x T s such that da(x,y) < c?n(r t , T s ) + 77. From (2.3), there exists 
(5, G T t x T s such that 

dn(x,x) < C + 77 and d n (y,y) < C + 77. 

Thus, dn(x, y) < dn(r i; T s ) + 2C + 3rj and 

dn(r t ,f a ) <d n (r t ,r a ) + 2C + 377. 

Since 77 > was arbitrary, one gets that tfo(r t , r s ) < da(T t , T s ) + 2C for all (t, s) G M 2 . 
Hence, 

efo(r t ,r s ) dn(r t ,r s ) 

limsup — ; : — < limsup — . . — = c. 

|t— s|— >-+oo \t ~ s \ \t—s\-*+oo r ~~ s l 

With similar arguments, by permuting the roles of the sets Qf and (if , one can prove that 

d n (r t ,r s )<d n (f t ,f s )+2C 

for all (t, s) G M 2 and for some constant C > 0. Thus, 

,. . t d n (T t ,T s ) . dn(f t ,f s ) 

c = hm mf — : : — < hm mt 



|t— s|-H-°c \t — S\ |t-s|-H-oc \t — S\ 

As a conclusion, the ratio dn(T t , r s )/|i — s\ converges as \t — s\ — > +00, and its limit is equal 
to c. The proof of Theorem |1.7| is thereby complete. □ 
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3 Generalized transition waves for a time-dependent 
equation 

In this section, we construct explicit examples of generalized invasion transition fronts con- 



necting and 1 for the one-dimensional equation (1.11 ) under the assumption (1.12). Namely, 
we do the 



Proof of Theorem 1.8[ The strategy consists in starting from a classical traveling front 



with speed C\ for the nonlinearity fx, that is for times t G (— oo,ti], and then in letting it 
evolve and in proving that the solution eventually moves with speed c 2 at large times. The 
key point is to control the exponential decay of the solution when it approaches the state 0, 
between times t\ and tz- 

For the nonlinearity fx, there exists a family of traveling fronts <£>i jC (x — ct) of the equation 

u t = u xx + fi(u), 

where <£> ljC : R — > (0, 1) satisfies <fx,c(~ °o) = 1 and yj liC (+oo) = 0, for each speed c G 
[c*, +oo). The minimal speed c\ satisfies c* > 2y/{(0), see [HH5]. Each (p l}C is decreasing and 
unique up to shifts (one can normalize ipx >c is such a way that <^i, c (0) = 1/2). Furthermore, 
if c > c*, then 

<Pi, c (s) ~ Ai :C e~~ Xl ' cS as s — > +oo, 



where A 1)C is a positive constant and Ai )C > has been defined in (1.13). If c = c* and 
c\ > 2 a/ /{(()), then the same property holds. If c = c* and c\ = 2 a/ /((()), then 

¥>i, c (s) ~ {A 1)C s + B 1>c ) e~ Xl ' cS as s ^ +oo, 

where A\ iC > 0, and B l c > if A ljC = 0, see PQ. 

Let any speed c\ G [c*,+oo) be given, let £ be any real number (which is just a shift 



parameter) and let u be the solution of (1.11) such that 

u(t, x) = <fi, ci (x — c\t + £) for all t <t\ and x G K. 

Define 

x t = cit for all t < ti. (3.1) 

The function u satisfies 

u(t, x) — > 1 as a; — x t — > — oo, 

uniformly w.r.t. £ < ij. (3-2) 

■u(t, x) — > as x — x t — >■ +oo, 

Let us now study the behavior of u on the time interval [ti,^] and next on the inter- 
val [t 2 , +oo). From the strong parabolic maximum principle, there holds < u(t,x) < 1 for 
all (t,x) G M 2 . For each t > t±, the function u(t, •) remains decreasing in K since / does not 
depend on x. Furthermore, from standard parabolic estimates, the function u satisfies the 
limiting conditions 

u(t, — oo) = 1 and u(t, +oo) = locally in t G R, (3-3) 
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since f(t, 0) = f(t, 1) = 0. Therefore, setting 

Xt = x tl = c\t\ for all t G (ti,tz]> (3-4) 

one gets that 

u(t, x) — > 1 as x — x< — 7- — oo, 

uniformly w.r.t. t G^i^]- (3-5) 

u(t, x) — )• as x — x t — > +00, 

Let e be any positive real number in (0, Ai )Cl ). From the definition of u and the above 
results, it follows that there exists a constant C £ > 0, which also depends on £, Ai tCl and -£>i, Cl , 
such that 

u(ti,x) < min (C £ e ^ Xl ^' e)x , l) for all x G R. 
Let M be the nonnegative real number defined by 

M = sup . 

(i,s)e[fi,f 2 ]x(o,l] s 

This quantity is finite since / is of class C l and f(t, 0) = for all t. Denote 

M 

a = Ai jCl — e + > 

Ai, Cl - e 

and 

u(t,x) = min (C e e- iXl ^- e) ^- a{t - tl) \l) for all (t,x) G [t u t 2 ] x R. 

The function w is positive and it satisfies u(ti, •) < u(ti, •) in R. Furthermore, for all (i, x) G 
[ti,t 2 ] x R, if u(t,x) < 1, then 

u t (t,x) - u xx (t,x) - f(t,u(t,x)) > Ut(t,x) - u xx (t,x) - Mu(t,x) 

= C £ [a (A 1)C1 - e) - (A 1(C1 - ef - M] -«) 
= 



from the definitions of M and a. Thus, m is a supersolution of (1.11) on the time interval 
[ti, ^2] arid it is above u at time t±. Therefore, 



u 



(t,x) < u(t,x) < C e e _(Al " ! i- e)(x - a( *- tl)) for all (t,x) G [ti,t 2 ] x R (3.6) 



from the maximum principle. 

On the other hand, from the behavior of (pi, Cl at +00, there exists a constant C' e > 
such that 

u(t u x) > min \C' E e -( A ^i+ £ )* , I J for all x G R. 
Let m the solution of the heat equation u t = u xx for all t>t\ and x G R, with value 

u(tx,x) = min (c' e e -( A i.ci+ £ > ) I J for all x G R 
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at time t\. Since / > 0, it follows from the maximum principle that 

u(t,x) > u(t,x) for all (t,x) G [ti,+oo) x R. 

But, for all x G E, 



(3.7) 



u(t 2 ,x) 



/+oo P+OO 
p(h -t u x- y) u(t u y) dy> C' £ p(t 2 -t u x- y) e -^ +£ ^ dy, 
-oo J X E 

where x e is the unique real number such that C' £ e - ( Al > c i +£ ) x ' e = 1/2 and p(r, z) 
(47rr) _1 / 2 e -2 1^ is the heat kernel. Thus, for all x > x £ + \jA(t 2 — ti), there holds 

u(t 2 ,x) > 



Q-y) z 

e 4 (*2-«i) 



-(Ai, Ci +£)j/ 



dy 



(3i 



It follows from (3.6), (3.7) and (3.8) that, for all e G (0, Ai )Cl ), there exist two positive 
constants Cf and a real number X £ such that 

C + e -{^, cl +e)x < M (t 2;X ) < c- e -(Ai, cl - £ )* for all x G [X e ,+oo). 

Remember also that < u(t 2 ,x) < 1 for all x G R, and that u(t 2 ,— oo) = 1. Since 
f(t,s) = f 2 (s) for all t > t 2 and s G [0,1], the classical front stability results (see e.g. 
j) imply that 



sup \u(t, x) — <£>2,c 2 (^ ~~ c 2^ + rn(i)) I — >• as t — >• +oo, 



(3.9) 



where m'(t) — >■ as t — > +oo, and c 2 > is given by (1.14). Here, </?2, C2 denotes the profile of 
the front traveling with speed c 2 for the equation u t = u xx + f 2 (u), such that ip 2 ^ C2 (—oo) = 1 
and V92,c 2 (+ 00 ) — 0. Therefore, there exists t 3 > t 2 such that the map t \-> c 2 t — m{t) is 
increasing in [i 3 , +oo), and 02^3 — m(ts) > C\t\. Define 



cih if t G (t 2 ,t 3 ), 

c 2 t — m{t) if t G [<3, +00). 



(3.10) 



It follows from ( 3.3[ ) and (3.9) that 

tt(t, x) — )■ 1 as x — Xt — > —00, 
u(t, x) — > as x — x t — > +00, 

Eventually, setting 



uniformly w.r.t. t G (£2, +00). 



(3.11) 



± 



{x G K; ±(x-x t ) < 0} 



and T 4 = {x t } for each t £ 1, where the real numbers x t 's are defined in (3.1), (3.4) 
and ( 3.10[ ), one concludes from (3.2), (3.5) and (3.11) that the function u is a generalized 
transition front connecting p~ = and p + = 1. Furthermore, since the map t t- >■ Xt is 
nondecreasing and xt — x s — >■ +00 as £ — s — > +00, this transition front u is an invasion of 
by 1. The proof of Theorem |1.8| is thereby complete. □ 
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4 Monotonicity properties 



This section is devoted to the proof of the time-monotonicity properties, that is Theorem 1.10 



This result has its own interest and it is also one of the key points in the subsequent unique- 
ness and classification results. The proof uses several comparison lemmata and some versions 
of the sliding method with respect to the time variable. Let us first show the following 



Proposition 4.1 Under the assumptions of Theorem [TTOj one has 

V (t,x) G R x H, p~(t,x) < u(t,x) < p + (t,x). 

Proof. We only prove the inequality p~(t, x) < u(t, x), the proof of the second inequality is 
similar. Remember that u and p~ are globally bounded. Assume now that 

m := inf {u(t,x) —p~(t,x); (t,x) G R x (1} < 0. 

Let (t n ,x n ) n< =N be a sequence in R x Q such that 

u(t n , x n ) — p~ (t n , x n ) — > m < as n — > +oo. 



Since p + (t,x) —p~(t,x) > k > for all (t,x) 6 1 x O, it follows from Definition 1.1 that 
the sequence (dn(x n , T tn )) ne ^ is bounded. From assumption (1.7), there exists a sequence of 
points (x n )„ e N such that the sequence (dn(x n , x n )) n£ N is bounded and x n G r in _ T for every 
nGN. From Definition 1.1 , there exists d > such that 

Vt el, V z e Of, (d Q (z, r t ) > d) (u(t, z) > p + {t, z)-k). 



From the condition (1.4), there exist r > and a sequence (y n )n<m of points in VL such that 



y n G Qt n -T, dn(y n , x n ) = r and d n (y n , r in _ T ) > d for all n G N. 
One then gets that 



for all n G N. 
Call 

and 



«0n - r n , y n ) > p + (t n - r, y n ) - k 

v(t, x) = p~~(t, x) + m 
w(t, x) = u(t, x) — v(t, x) = u(t, x) — p~ (t, x) — m > 



(4.1) 



for every (t,x) G K x fi. Since p solves (1.2), since f(t,x,-) is nonincreasing in 
(— oo, p~(t, x) + 5] for each (t,x) G R x fij^and since m < 0, the function f solves 



'Here, we actually just use the fact that f(t, x, •) is nonincreasing in (— oo, p (t, x)} for each (t, x) € R X Q. 
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(remember that A and / do not depend on t, but this property is actually not used here). In 



other words, v is a subsolution for (1.2). But u solves (1.2) and f(t,x, s) is locally Lipschitz- 



continuous in s uniformly in (t, x) G R x fi. There exists then a bounded function b such 
that 

w t >V x - (A(x)V x v) + q(x) ■ V x v + b(t, x)w in R x fi. 

Lastly, w satisfies \i ■ V x w = on R x 90. Since the sequences (dn(x n , x n )) n£ ^ and 
(dn(yn, Xn))neN are bounded, the sequence (d(j(a; n , y n ))neN is bounded as well. Thus, since 
w > in R x fi and w(t n ,x n ) — >■ as n — >■ +oo, one gets, as in the proof of part 1 of 



Theorem 1.2, that u>(t„ — r, y n ) — >■ as n — )■ +oo. But w(t n — T,y n ) satisfies 



w(t n -r,y n ) = u(t n -r,y n ) -p (t n -r,y n ) -m 

> P + (t n - t, y n ) - k - p~ (t n - r,y n ) - m> -m > 



for all n G N because of (4.1). One has then reached a contradiction. 



As a conclusion, m > 0, whence 



u(t,x) > p (t,x) for all (t,x) G R x Q. 

If u(to,Xo) = p~(t ,Xo) for some (to,^o) G R x O, then the strong parabolic maximum 
principle and Hopf lemma imply that u(t,x) = p~(t,x) for all x G f2 and t < to, and 



then for all t G R by uniqueness of the Cauchy problem for (1.2). But this is impossible 
since p + — p~ > k > in R x Q and u(t,x) — p + (t,x) — > uniformly as x G Qf and 
du(x,T t ) — > +oo (notice actually that for each t G R, there are some points z n G Qf such 



that dn(z n ,T t ) — > +oo asn-) +oo, from (1.3)). 

As already underlined, the proof of the inequality u < p + is similar. 

Let us now turn to the 



□ 



Proof of Theorem 1.10, In the hypotheses (1.16) and (1.17), one can assume without loss 



of generality that < 28 < k, even if it means decreasing 5. In what follows, for any s G R, 
we define u s in R x Q by 

V(t,x)6lx0, u s (t,x) = u(t + s,x). 

The general strategy is to prove that u s > u in R x Q for all s > large enough, and then 
for all s > by sliding u with respect to the time variable. 



First, from Definition 1.1, there exists A > such that 



(x G Q t and dn(x, T t ) > A) ==>• (u(t, x) < p (t, x) + 5) 

V (t,x) G R x n, { , g 

[x G Vlf and da(x, T t ) > A) (u(t, x) > p + (t, x) — - 



(4.2) 



Since p + invades p , there exists sq > such that 

V£ G R, Vs > s , n+ +s D Q+ and d n (T t+s ,T t ) > 2A. 
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(4.3) 



Fix any t G R, s > s and x G Q. If x G Qf, then x G and d^(x,T t+s ) > 2A since 

any continuous path from x to T t + S in f2 meets IY On the other hand, if x G and 
G?£}(£> T t ) < A, then dn(^) Tt+s) > ^4 and x G fi^_ s . In both cases, one then has that 

u s (t, x) = u(t + s, x) > p + (t + s,x) — - > p + {t, x) — 5 

since p + is nondecreasing in time. To sum up, 

Vs > s , V(*, x) G R x H, (x G fi t + ) or (x G fi t " and cfo(x, r t ) < A) 

=>■ (u s (t, x) = u(t + s, x) > p + (t, x) — 5). 

Lemma 4.2 Call 

u A = {(£, x) G R x x eQj and d n (x, T t ) > A}. 
For all s > s , one has 

u s >u in u A . 

Proof. Fix s > So and define 

e* = inf {Y > 0; u s > u — e in uj~ a j. 
Since u is bounded, e* is a well-defined nonnegative real number and one has 

u s > u - e* in cu A . (4.4) 

One only has to prove that e* = 0. 

Assume by contradiction that e* > 0. There exist then a sequence (e„) ne N of positive 
real numbers and a sequence of points (t n ,x n ) n£ N in u A such that 

e n — > e* as n — >■ +oo and u s {t ni x n ) < u(t n , x n ) — e n for all n G N. (4.5) 



We first note that, when x G Q t and <in(x, I\) = A, then x) < p (t, x) + 5 from (4.2), 
while u s (t,x) > p + (t,x) — 5 from (4.3). Hence 

u s (t,x) — u(t,x) > p + (t, x) — p~(t, x) — 25 

— (4-6) 
> k — 25 > when iGfij and dn[x, T t ) = A. 



Since \7 x u is globally bounded in R x f2, it follows from (4.5) and the positivity of e* that 
there exists p > such that 

lim inf d n (x n , T tn ) >A + 2p. 

n— >-+oo 

Even if it means decreasing p, one can also assume without loss of generality that 

< p < T, 
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where r is given in (1.7), and that 



px - p + )t\\ Lao{Rx n) + \\V x (u - p + )\\ Lx{Rx ^) < 



(4.7) 



since u and p + have bounded derivatives. 

Next, we claim that the sequence (dn(x n , T tn )) n£ ^ is bounded. Otherwise, up to extrac- 
tion of some subsequence, one has 

dn(x n , r t J -> +00 and then u(t n , x n ) - p~~(t n , x n ) -> as n -)■ +00. 



But, from Proposition |4.1| and the fact that p is nondecreasing in time, one has 

u(t n , Xn) P (tnj -En) "I - u(t n -\- S, X n ) J) (^nj •^n) 

> £n +P~(t n + S,X n ) -p~(t n ,X n ) 

> e n — > e* > as n — > +00, 

which gives a contradiction. Therefore, the sequence (du(x n ,T tn )) ne ^ is bounded. 

Since x n G fi^ and dn(x n , T tn ) > A + p for n large enough (say, for n > no), and since p -1 
invades p~ , it follows that 



x n G fi t and c?q(x„, T t ) > A + p for all n > n and t < £„ 



and even that 



x £ Q t and r t ) > A for all n > n , x G Bn(x n , p) and £ < £ n . (4.8) 

As a consequence, since p < r, there exists a sequence of points (?/ n )neN,n>n i n ^ such that 



y n e ^t„-r+p an d -4 + P = dn(j/n, r tn _ T+p ) = d n (:c n , r tn _ T+p ) - 4>(x n , y n ) (4.9) 



for all n > uq. Thus, for each n G N with n > uq, there exists a C 1 path P n : [0, 1] — > Q tn _ T+p 
such that P n (0) = x n , P n (l) = Vn, the length of P n is equal to dn(x n ,y n ) and 

d u (P n (a), T tn - T+P ) > A + p for all a G [0, 1]. 

Once again, since p + invades p~ , it follows that 



Vn > tiq, Va G [0,1], Vx G B n (P n (a),p), Vt < t n -r + p, a; G fi; and d n for t ) > A. 

(4.10) 



Together with (4.8), one gets that, for each n > n , the set 



E n = [t n - r, tn] x B a (x n , p) U [tn - r, t„ - r + p] x {x G ft; d n (a5, -PnflP, 1])) < p} 



is included in u A . 

As a consequence, for all n > n , 

v := M s 



(u -e*)>0 in £ n 
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from (4.4), and 



u(t, x) — e* < u(t, x) < p (t, x) + 5 for all (t, x) £ E n 



from (4.2). Thus, 



(u-e*) t = V x -{A{x)V x {u -£*)) + q{x) -V x {u-e*) + f{t,x,u) 

< V x ■ (A(x)W x (u - e*)) + q{x) -V x {u- £*) + f(t, x,u- £*) 

in E n for all n > no, because f(t,x, •) is nonincreasing in (—oo,p~(t,x) + 5}. In other words, 
the function u — e* is a subsolution of (1.2) in E n for all n > no- As far as the function 
u s (t,x) = u(t + s,x) is concerned, it satisfies 

u s t = V x -{A{x)V x u s ) + q{x)-V x u s + f{t + s,x,u s ) 
> V, • (A(x) V x u s ) + q(x) ■ V x u s + f(t, x, u s ) 

for all (t, x) G ix O because f(-,x,(,) is nondecreasing for all (x, £) £ Q x R. Notice that 
we here use the fact that A and q are independent from the variable t. Furthermore, u s still 
satisfies 

H{x) ■ V x u s (t, x) = on R x dtt 



because \i is independent of t. In other words, u s is a supersolution of (1.2). Consequently, 
since the functions f(t, x, •) are locally Lipschitz-continuous uniformly with respect to (t, x) £ 
Exfi, the function v satisfies inequations of the type 

v t > V x ■ (A(x)V x v) + q(x) ■ V x v + b(t, x)v in E n 

for all n > n , where the sequence (\\b\\L^(E n ))n£N,n>n is bounded. 

On the oth er hand, since the sequence (du(x n ,T tn )) ne ^ is bounded, it follows from as- 
sumption (1.7) that there exists then a sequence of points (x„)„ e N in such that 

%n ^ r tn _ T for all n £ N, and sup {c?n(x n , x n ); n £ M} < +oo. 

Thus, for all n > uq, 

du(x n , y n ) = dn(x n , T tn ^ T+p ) - (A + p) < d n (x n , T tn _ T ) - (A + p) < d n (x n , x n ) - (A + p) 

since x n £ Q^ n and the sets are non-increasing with respect to t in the sense of the inclu- 
sion (because p + invades p~). The sequence (<in(x n , y n ))nm,n>n is then bounded. Lastly, 
remember that the function V x v is bounded in R x Q. As a conclusion, since v(t n , x n ) — > as 
n — > +oo (because of (4.5) and v(t n ,x n ) > 0), it follows from the linear parabolic estimates 
that 

v{t n — r, y n ) — > asn-> +oo. (4-H) 



But, because of (4.9), there exists a sequence (z n ) ngNjn > no such that 



z n £ Q tn _ T+p , d n (y n ,z n ) = p and d n (z n , T tn _ T+p ) 
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for all n > n . Thus, for all n > n , 

u s (t n - r, y n ) - p + (t n - r, y n ) >u s (t n -r + p, z n ) -p + (t n -r + p, z n ) 



e e 
— > -5- - 
2 ~ 2 



from (4.3) and (4.7). Moreover, 

u(t n - r, y n ) < pT (t n - r, y n ) + 5 for all n > n 



from (4.2) and (4.10). Eventually, for all n > no, there holds 



v(t n - r, y n ) = u s (t n - r, y n ) - u(t n - r, y n ) + e* 

= u s (t n - t, y n ) - p + (t n - t, y n ) + p + (t n - r, y n ) - u(t n - r, y n ) + e* 



> S - — +p + (t n -r,y n ) -p (t n -r,y ri 

e* e* 

> K-25 + — > — > 

2 ~ 2 



5 + e* 



from (1.17) and the inequality 25 < k. 



One has then reached a contradiction with (4.11). Hence e* = and the proof of 

□ 



Lemma 4.2 is thereby complete. 



Similarly, using now that f(t, x, •) is nonincreasing in [p + (t, x)—5, +oo) and that u s (t, x) > 
p + (t, x) — 5/2 > p + {t, x) — 5 provided that (t, x) ^ and s > s , we shall prove the following: 

Lemma 4.3 For all s > So, one has 

u s >u in u\ := K x Q \ u A . 



Proof. The proof uses some of the tools of that of Lemma 4.2, but it is not just identical, 
because the time-sections of uj\, namely the sets Vlf U {x G Q^; dQ(x,T t ) < A}, are now 
nondecreasing with respect to time t in the sense of the inclusion. 
Fix s > s and define 

= inf {e: > 0; u s + e > u in u\}. 
This nonnegative real number is well-defined since u is globally bounded, and one has 

w := u s + — u > in u\. 



Furthermore, Lemma |4.2| implies that 

w > in u^- 
In particular, w is nonnegative in R x Q. 



(4.12) 



To get the conclusion of Lemma |4.3[ it is sufficient to prove that e* = 0. Assume by 
contradiction that > 0. There exists then a sequence (£ n ) n eN of positive real numbers and 
a sequence of points (t n , x n ) nf zn in u\ such that 



e n — > as n — > +oo, and u s (t n , x n ) + e n < u(t n , x n ) for all n G N. 
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If the sequence (du(x n ,T tn )) ne ^ were not bounded, then, up to extraction of a subse- 
quence, it would converge to +00, whence 



x n G ftf n C ^t+s and d n (x n , T tn+S ) > d n (x n , T tn ) for large n. 
Therefore, dn(x n , T tn+S ) — > +00 and u s (t n , x n ) — p + (t n + s, x n ) — > as n — > +00. But 

U {tni ■En) P (in ^n) *^ u(t n , X n ) £ n p (t n -\- S, X n ) 

< — e n — > — < as n — > +00 



from Proposition 4.1 and since p + is nondecreasing in time. This gives a contradiction. 



Thus, the sequence (dn(x n , T tn )) n eN is bounded. From (1.7), there exists then a se- 
quence (x n ) ng N in Q such that 



G T tn - T for all n G N, and sup {dn(x n ,x n ); n G N} < +00. 



Because of (1.4), there exist r > and a sequence (y„)„ e N in ^ such that 



Vn £ ^t n — tj dQ(x n ,y n ) — r and r tn _ r ) > A for all nGN. 

There exists then a sequence (^ n )neN in ^ such that 



z n G f^ n _ T and A = r tn _ r ) = cfo(2/n, r fn _ T ) - d n (y n , z n ) for all n eN. (4.13) 

Since dn(y n ,z n ) < d n (y n ,T tn ^ T ) < d n (y n ,x n ) = r and since the sequence (d n (x n , x n ))„ eN is 
bounded, one gets finally that the sequence (dn(x n , z n )) ne ^ is bounded. 
Choose now p > so that 



(4.14) 



PlIK -«)t||L»(Rxn) + 2p||V x (u a -m)|| lo 
and K G N\{0} so that 

K p > max ^t, sup {dn(x n , z n ); nGN}j. (4-15) 

For each nGN, there exists then a sequence of points (X n>0 , X n l , . . . , X n>K ) in f2 such that 

X nfi = x n , X n>K = z n and du(X n>i ,X n)i+1 ) < p for each < i < K - 1. 
For each n G N and < i < if — 1, set 



E,, 



K 



K 



x B n (X n j,2p). 



Since w(t n ,x n ) — > as n — > +00, it follows from (4.14) and (4.15) that w < in i?, 



J n,0 



for large n, whence E n>0 C from (4.12). Consequently, 

u s (t, x) + > u s (t, x) > p + (t, x) — S in E Ut0 for large n 
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from (4.3). Since f(t,x,-) is nonincreasing in [p + (t, x) — 5, +00) for all (t,x) G E x Q and 



since u s is a supersolution of (1.2), it follows then as in the proof of Lemma 4.2 that the 



nonnegative function w satisfies inequations of the type 

w t > V x (A(x)V x w) + q(x) ■ V x w + b(t, x)w in E nfi 

for n large enough, where the sequence (||&||z«>(B n o))neN is bounded. Remember also that 
/i(x) ■ V x w(t,x) = for all (t,x) G E x dQ, and that V x w is bounded in E x Q. Since 
w(t n ,X n fi) = w(t n ,x n ) — > as n — > +00, one concludes from the linear parabolic estimates 
that 



An immediate induction yields w(t n — ir/K, X n ^) — > as n — > +00 for each i = 1, . . . , K. 
In particular, for i = K, 

w(t n — t, z n ) — > as n — > +00. 



A for all n G N. As a consequence, for all n G N, 



But z n G fi tn _ T and rf n (z n , r tn _ r ) 
(t n — r, z n ) G uj~ a and w(i n — r, z n ) > from (4.12). 

One has then reached a contradiction, which means that = 0. That completes the 
proof of Lemma 4.3 □ 



End of the proof of Theorem |1.10| . It follows from Lemmata |4.2| and |4.3| that 

u s > u in E x Vt for all s > s . 

Now call 

s* = inf {s > 0; if > u in E x Q for all a > s}. 

One has < s* < Sq and one shall prove that s* = 0. Assume that s* > 0. Since 
u s ' > u in E x Q, two cases may occur: either inf |u s (t, x) — u(t, x); dn(x, T t ) < A} > or 
inf {u s *(t,x) -u{t,x); d n (x,Tt) < A} = 0. 
Case 1: assume that 

inf {u s *(t,x) - u(t,x); du(x,T t ) < A} > 0. 
Since u t is globally bounded, there exists r/o G (0, s*) such that 

Vr? G [0, 770], V (t, x) G E x H, (d(x, r t ) < A) =>- (m 8 *"^, x) > u(t, x)) . (4.16) 

For each rj G [0, t)q], one then has u s ~ v (t, x) > w(t, x) for all (t,x) GRxO such that x G 
and dn(x, T t ) = A, while u(t, x) < p~(t, x) + 5 if x G and cfo(x, r t ) > A (i.e. (£, x) G u/^) 



from (4.2). Therefore, the same arguments as in Lemma 4.2 imply that 



V i] G [0, r] ] , u s v > u in u A . 

On the other hand, 

(x G £lf and cfo(x,r t ) > A) =>• (u s *(t,x) > u(t,x) >p + (t,x) 



(4.17) 
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from (4.2). Hence, even if it means decreasing i] > 0, one can assume without loss of 
generality that 

V77G [0,770], (x enf andd n (x,T t )>A) =s> {u^t, x) > p + (t, x) - S) . 

Notice that this is the place where we use the choice of 5/2 (< 5) in the second property 
of (4.2). Furthermore, remember from (4.16) and (4.17) that, for all 77 G [0,770], u s ~ v (t,x) > 
u(t,x) for all (t,x) G E X O such that x G , or x G ilf and d^(x,T t ) < A. As in 
Lemma 4.3, one then gets that 

Vr/ G [0,r/o], (x G £lf and d n (x,T t ) > A) (u s *~ v (t,x) > u(t,x)). 

One concludes that u s *~ v > u in K x Q for all 77 G [0, 7/0]. That contradicts the minimality 
of s* and case 1 is then ruled out. 
Case 2: assume that 

inf {u s *(t,x) - u(t,x); d n (x,T t ) < A} = 0. 
There exists then a sequence (t n ,x n ) n( z?q in R x Q such that 

dvt{x n ,T tn ) < A and u s *(t n ,x n ) - u(t n ,x n ) -)■ as 77 ->• +00. 



Since tx s is a supersolution of (1.2 ) in R X Q (as already noticed in the proof of Lemma 4.2) 
and since u s * > u in IR x Q, it follows from the linear parabolic estimates that 

u(t n , x n ) - u(t n - s*, x n ) = u s * (t n - s*,x n ) - u(t n - s*, x n ) -)■ as 77 -)> +00. 

By immediate induction, one has that 

u(t n , x n ) — u(t n — ks*, x n ) — > as 77 — > +00 (4-18) 

for each fceN. 

Fix any e > 0. Let 5 e > be such that 

V(*,x) £lx H, (x G Sit and dn(s,r t ) > S e ) (u(t,z) <p~(t,x) 

On the other hand, since p + invades p~ and since the sequence (dn(x n , r tn ))„ e N is bounded, 
there exists m G N such that 



3/ ri ^ 



t n —ms* 



and dn(x n , r,_ ms ») > B £ for all n G N. 



Hence, 



u(t n — ms*, x n ) < p (t n — ms* , x n ) + e < p (t n , x n ) + e for all n G N 



since p is nondecreasing in time. Together with (4.18) applied to k = m, one concludes 
that 

lim sup (u(t n , x n ) - p~ (t n , x n )) < e. 

n— >+oo 
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But u > from Proposition 4.1, and s > was arbitrary. One obtains that 

u(t n , x n ) — p~(t n , x n ) — > as n — > +oo. 
Let now B > be such that 

V(t,x) 6l x H, (x G and d n (x,T t ) > B) (w(t,x) >p + (t,x) - 



(4.19) 



where k > has been defined in (1.17). From assumption (1.7), and since the sequence 
(dn(x n , T tn )) neN is bounded, there exists a sequence (x n ) n ^ in Q such that 

G r tn _ T for all n G N, and sup {dn(x n ,x n )] n G N} < +oo. 
Because of (1.4), there exist r > and a sequence {y n )nm in fl such that 



y n e ttt n - T , d n (y n ,x n ) = r and da(y n , T tn - T ) > B for all n G N. 



Thus, 



w(t n - r, j/ n ) > p + (t n - t, y n ) 



for all n eN. 



Remember now that both u > p~ are two bounded solutions of (1.2) and that f(t,x,£) 
is locally Lipschitz-continuous in £, uniformly with respect to (t, x) G M X Q. Notice also 
that the sequence (cfo^nj y n ))neN is bounded. Since u(t n ,x n ) — p~(t n ,x n ) — )■ as n — > +oo 
because of (4.19), one concludes that 

u(t n - T,y n ) -p~(t n -r,?/„)^0asn-^ +oo. 

But 

u(t n - r, y n ) - p~(t n - r, y n ) > p + (t n -T,y n )-^- p~{t n - r, y n ) > - > 

owing to the definition of k. One has then reached a contradiction and case 2 is then ruled 
out too. 

As a consequence, s* = and 

m s > a in 1 x H for all s > 0. 

Let us now prove that the inequality is strict if s > 0. Choose any s > and assume that 

u s (to,Xo) = u(t ,Xo) for some (t ,x ) G ffi. x fi. 



Since m s (> m) is a supersolution of (1.2), one gets that 

u s (t, x) = u(t, x) for all t < to and iGll 

from the strong parabolic maximum principle and Hopf lemma. Fix any t < to and x G £1. 
For all k G N, one then has 

< u(t, x) — p~(t, x) = u(t — ks) — p~(t, x) < u{t — ks, x) — p~~{t — ks, x) 

because p~ is nondecreasing in time. But the right-hand side converges to as k — » +oo, 



because s > and because of Definition 1.4 (here, p + invades p ). It follow s th at u(t,x) 



4.1 



p~(t, x) for all t < to and x G f2, which is impossible because of Proposition 

As a conclusion, u s (t,x) > u(t,x) for all (t,x) G R x f2 and s > 0. That completes the 
proof of Theorem L10 □ 
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5 Uniqueness of the mean speed, comparison of almost 
planar fronts and reduction to pulsating fronts 

In this section, we prove, under some appropriate assumptions, the uniqueness of the speed 
among all almost-planar invasion fronts, and that the transition fronts reduce in some stan- 
dard situations to the usual planar or pulsating fronts. Let us first process with the 

Proof of Theorem Notice first that c and c are (strictly) positive. Indeed, 

da(T t ,r s ), d Q (T t ,T s ) -)> +00 as \t - s\ -)■ +00, 

and the quantities du(T t , T s ) — c\t — s\ and dn(T t , T s ) —c\t — s\ are assumed to be bounded 
uniformly with respect to (t,s) G IR 2 . 

One shall prove that c = c and that u is above u up to shift in time. Assume that c < c 
(the other case can be treated similarly by permuting the roles of u and u). Define 

v(t, x) = u ^- 1, XJ 

and notice that 

v t {t, x) = C -u t (^t, x) > u t \ -t, x ) = V x • (A(x)V x v(t, x)) + q(x) ■ V x v(t, x) + f(x, v(t, x)) 



because c/c > 1 and u t > from Theorem 1.10 We also use the fact that both A, q and / 
are independent of t. Furthermore, /j,(x) ■ V x t> (t, x) = on 1 x dVt. Therefore, the function v, 
as well as all its time-shifts, is a supersolution for (1.2). It also follows from Definition |1.1| 

that 

v(t, x) — p (x) — > uniformly as x G &f t /c and dn(x, T ct /c) — > +00, (5.1) 

where 

^rf/c = i x G ^' ' e ~~ ^ c */c) < 0} and ^ct/z = {x eQ, x ■ e = ict/z}- 
Remember that the quantities 

~ ~ c c ~ ~ 

dn(T ct /c, r cs /H) — c - t — -s = dn(T ct /c, T cs /z) — c\t — s\ 

c c 

are bounded independently of (t, s) G 1R 2 . As a consequence, the map 

t ^ d n (T t , T ) - d n (T ct/ c, T ) 

is bounded in K. Furthermore, both u and u are almost planar invasion fronts (p + invades p~) 
in the same direction e, whence the maps and t h->- & are nondecreasing. Eventually, 

one gets that 

sup{d n (T ct/ c,T t ); t G R} < +00 and sup {\U/z- &|; t G M} < +00. (5.2) 
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On the other hand, Definition 1.1 applied to u implies that there exists A > such that 



(x G £l t and da(x, T t ) > A) =>■ (u(t, x) < p (x) + 5) 

s 

(x G ftf and dn(x, T t ) > A) =>- ( u(t, x) > p + {x) — - 



(5.3) 



Since u and u are almost planar in the same direction e and since u is an invasion of p 
by p + , properties (5.1) and (5.2) yield the existence of s > such that, for all s > s and 
for all (t, x) G R x fi, 

(x G or (x G and d n (x,T t ) < A) =^ (v s (t,x) = v(t + s,x) > p + (x) - 5). 



Choose any s > Sq. Since p < u, v < p + (from Proposition 4.1) and 

< 25 < k : = inf {p + (t,x) -p~(t,x); (t,x) G R x H} 



(even if it means decreasing 5 without loss of generality), the arguments used in Lemma 4.2 
imply that 

u(t,x) < v s (t,x) in co>^, i.e. for all x G such that dn(x,T t ) > A. 
Therefore, the arguments used in the proof of Lemma 4. 3| similarly imply that 

u(t,x) < v s (t,x) for all (t,x) 6lxfi \ u^- 

Thus, 



u < v s in E x Vl for all s > s - 



Call now 



s* = inf {s G E; ti<t) s inRx Q}. 

One has s* < so and s* > — oo because p~(x) < u(t,x) < p + (x) for all (t,x) G 1 x fl (from 
Theorem 1.10) and 

f s (0, xq) = u(^-s, xqJ p^(xq) as s — > — oo 



for all xq G f2 (see Definition 1.4). There holds 

it < v s * in Rxfi. 

In particular, 

(x G and dn(z,r t ) > A) (v s *(t,x) > u(t,x) > p + (x) 
Assume now that 



(5.4) 



inf {v s *(t,x) -u(t,x); d n (x,T t ) < A] > 0. 



(5.5) 
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The same property then holds when s* is replaced with s* — 77 for any 77 G [0, 770] and r] Q > 



small enough, since Vt (like ut) is globally bounded. From (5.4), one can assume that 7/0 > 
is small enough so that 

(xeOf and d n (x,F t ) > A) =>• (^""(t.x) > - 5) 

for all 77 G [0,770]. The first property of ( |5.3[ ) implies, as in Lemma 4.2| that 

v s *~ r, (t,x) > u(t,x) for all 77 G [0, r? ] and (i,i)6Rxfl with x <E and g?q(x, r t ) > A. 

The above inequality then holds for all (t,x) £ M. x Q such that x G f2,Tj or a; G Qf and 
c?n(a;, r t ) < A. As in Lemma 4.3| one then gets that 



v s *~ v (t,x) > u(t,x) for all 77 G [0,770] and (f,i)elxQ with x G fi+ and g^(x, r 4 ) > A. 
Eventually, 

v s *~ v >uinlxfi 



for all 77 G [0,770]. That contradicts the minimality of s* and assumption (5.5) is false. 
Therefore, 

inf {v s *(t,x) - u(t,x); d n (x,T t ) < A} = 0. 
Then, there exists a sequence (t n ,x n ) G 1R x f2 such that dci(x n ,T tn ) < A for all n G N and 

v s (t n , x n ) — u(t n , x n ) as n — > +00. 



Because of (1.7), there exists a sequence (x n )nm in £7 such that 

x n G r*„-r for all n G N, and sup {dn(x n , x n ); n G N} < +00. 



Since v s is a supersolution of (1.2) and v s > u in R x f2, it follows from the linear parabolic 
estimates that 



max 



\y s (t, x) — u(t, x); t n — t — 1 < t < t n — r, dn(x, x n ) < l} — )• as n - > +00 



and, since the functions t>| , u*., «i, and globally Holder continuous 

inR x O for all 1 < i,j < N, one gets that 

fan Tj Xn) Ut(tn 7", X n ) | -|- | TA^ (t n T, X n ) It^ (t n T, X n ~) | 

+ _ T > ~~ - T ,%n)\ -> as 71 -> +00 



for all I < i,j < N. But 



V x • (A(x)V x .t; s *) + g(x) • V^* + f(x, v s *] 
V x ■ {A{x)V x u) + q(x) ■ W x u + f(x, u). 



38 



Therefore, (c/c — 1) Ut(t n — r, x n ) — > as n — >• +00, whence 

i*t(£n — r , %n) — > as n — > +00, 

because < c < c. 

On the other hand, there exists A' > such that 



(x G and d n (x,T t ) > A') (u(t,x) > p + (x) 



where k was defined in (1.17). From (1.7), there exists a sequence (y n )neN in ^ such that 
y n G T tn _ 2 T for all neN, and sup {<in(5; n , ?/„); n6N}< +00. 



Because of (1.4), there exist r > and a sequence (z n ) n( z N in f2 such that 



z n G ^_ 2t) d n (z n ,y n ) = r and rf n (2; n , T in _ 2r ) > A' 

for all n6N. Thus, 

he 

u(t n - 2r, z n ) > p + (z n ) - - for all fiGN. (5.6) 

o 

Since the sequence (<in(;z n , x n )) ne N is bounded, since u t {t n — r,x n ) — > as n — )■ +00 and 
since the globally C 1 (M. x Q) nonnegative function u t satisfies 

(u t ) t = V x ■ (A(x)V x u t ) + q(x) ■ V x u t + f t (t, x, u)u t in E x tt 

with \\f t (-, ■, w(-, ■)) ll^oo^xfj-) < +00 and /i(x) ■ V x Mt — on 1R x d£l, the linear parabolic 
estimates imply that 

u t (t n — 2r, z n ) — )• as n — > +00. 

Let now e be any positive real number. Since the function ut is globally C 1 (R x Q), there 
exist a > and n G N such that 

< max {ut(t, z n ); t G [t n — 2r — cr, t n — 2r] } < £ for all n > no. 

Remember that y n G r 4n _ 2T and dn{z n , T tn ^ 2T ) < ^(^n, 2/n) = r - Since u is an invasion front 
of p~ by p + , there exists cr' > (cr' is independent of n and e) such that 

u(*„ - 2r - o-', < p~ (z n ) + - for all n G N. (5.7) 

Since «t(t n — 2r, z ra ) — > as n — >■ +00 and u t > in R x £7, it follows that, if a' > cr, then 

< max {ut(t, z n ); t G [t n — 2r — cr', i n — 2r — cr] } — > as n — > +00, 

and then is less than e for n > ni (for some ni G N). Therefore, in both cases a' > a or 
cr' < cr, one has 

< max |«t(t, -z n ); t G [t n — 2r — a', t n — 2r]} < e for all n > max(n , Ui). 
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Hence 

u(t n - It - a', z n ) < u(t n - 2r, z n ) < u(t n - 2r - a', z n ) + a'e 
for n large enough, and then 

u(t n — 2r, z n ) — u{t n — It — a' , z n ) — > as n — > +00 

because e > was arbitrary and a' was independent of e. But 

u(t n - 2r, z n ) - u(t n - 2r - cr', z n ) > p + (z n ) - - - p~{z n ) - - > - > for all n G N 



because of (5.6), (5.7) and of the definition of k in (1.17). One has then reached a contra- 
diction. 

As a consequence, 

c > c. 

The other inequality follows by reversing the roles of u and u. Thus, c — c. 



The above arguments also imply that, for u and u as in Theorem 1.11, there exists (the 



smallest) T G E such that u(t + T,x) > u(t,x) for all (t : x) Glxfl. The strong parabolic 
maximum principle and Hopf lemma imply that either the inequality is strict everywhere, or 
the two functions u and u T are identically equal. That completes the proof of Theorem 



1.11 



□ 



Let us now turn to the proof of the reduction of almost planar invasion fronts to pulsating 
fronts in periodic media. 



Proof of Theorem 1.13 To prove part (i), fix k G L{L x • • • x LnZ,. By periodicity, the 
function 

u(t, x) = u(t, x + k) 

is a solution of (1.2). Furthermore, u, like u, satisfies all assumptions of Theorem 1.11 Thus, 



(5. 



there exists (the smallest) T G M such that 

u(t + T,x) — u(t + T,x + k) > u(t, x) for all (t,x) elxfl 
and there exists a sequence of points (t n ,x n ) nE ^ in K x Q such that 

(dn(x n , T tn ))neN is bounded and u{t n + T, x n + k) — u(t n , x n ) — > as n — > +00. (5.9) 
It shall then follow that 



liminf \u{t n ,x n ) - p (x n )\ > 0. 



n— >+oo 



(5.10) 



Indeed, assume for instance that, up to extraction of some subsequence, u(t n , x n ) —p~ (x n ) — > 
as n — > +00 (the case u(t n ,x n ) — p + (x n ) — > as n — > +00 could be handled similarly). 
Then 

max [u{t n - T,y) -p~(y); d n (y,x n ) < C} -> as n -> +00 

for any C > 0, from the linear par aboli c estimates applied to the nonnegative function u — p~ 
(remember that r > is given in (1.7)). But there is a sequence (y n )neN in VL such that 



(d n (y n ,x n )) neN is bounded ,y n G ^t„-r and M (^n ~ T ,Vn) > P + {y n ) - - for all n G N 
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(one uses the facts that the sequence (du(x n , r tn )) ngN is bounded and that (1.4) is automati 



cally satisfied by periodicity of fl). One then gets a contradiction as n — > +00. Thus, (5.10) 
holds. 
Write 

for all n G N, where x' n G L{L x • • • x L N Z and x" G [0, L x ] X • • • x [0, L N ] fl fi. Set 

w„(t, x) = w(t + t n , x + x' n ) 



for all n G N and (t,x) G R x O. The functions w n satisfy the same equation (1.2) with the 



same boundary conditions (1.15) as u, since the domain is periodic and the coefficients 



A, q, f and /i are periodic and independent of t. Up to extraction of a subsequence one 
can assume that x" n — > x^ G fl as n — > +00 and that, from stan dard parab olic estimates, 
u n (t,x) — > Uoo(t,x) locally uniformly in Ixfi, where Uoo solves (1.2) and (1.15). Furthermore, 



from (5.8), and 



iioo(i + T, x + k) > Uoo(t, x) for all (t, x) G M x fl 



^00 <^oo ~t~ kj ^00 (0, ^00) 



ness of the solution of the Cauchy problem for (1.2) and (1.15), that 



from (|5.9|). It follows then from the strong maximum principle, Hopf lemma and the unique- 

(5.11) 
(5.12) 



Furthermore, 



Uoo(t + T,x + k) = Uooit, x) for all (t, x) G E x fl. 
(0,Xoo) ^ p ± (x 



from (5.10). 



On the other hand, as already noticed in the proof of Theorem 1.11[ the global mean 
speed c is positive. Since the quantities dn(T t ,T s ) — c\t — s\ are bounded independently of 
(t, s) G M 2 , since 



fi 



± 



{x G fl, ±(x-e-&) < 0} 



and since t y £ t is nondecreasing (because p + invades p ), it follows from the definition of 



7 = 7(e) in (1.21) that there exists M > such that 

I & - C7~ 1 t| < M for all t G K. 



(5.13) 



But, from Definition 1.1, since the geodesic distance is not smaller than the Euclidean 
distance, one has that 

u n (t, x) - p ± (x) = u(t + t n ,x + x' n ) -p ± (x + x' n ) -i> as (x + x' n ) ■ e - f t+tn ->■ =Fcx), 

uniformly with respect to n and (t, x). Write 



(x + x' n )-e- £ t+tn =x-e-Z t + x n -e-£ tn -x^-e + t t + £ >tn - £ t+tn . 
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The sequence (x n ■ e — £t„)neN is bounded because (dn(x n , T tn )) n en is bounded. The quan- 
tities £ t + £ tn — £t+t„ are bounded independently of t and n because of (5.13). Lastly, the 
sequence [x" n ■ e) nS N is also bounded. Finally, one gets that 

Uoo (t , x) — p (x) — > as x • e — & — >■ =foo 

uniformly with respect to (t,x). 

Assume now, by contradiction, that T > 7 (A; ■ e)/c (one shall actually prove that T = 
7(fc • e)/c). Since 

(xqo + mk) ■ e — ^ m T — > =Foo asmfZ and m — >• ±00 



because of our assumption and because of (5.13), it follows that 

(niT, + mk) — p ± {x 00 + mk) — » asmeZ and m — > ±00. 

But p ± (x 00 + mA;) = p ± (a; 0O ) for all m G Z by periodicity of p 1 * 1 , and ^^(mT, + rafc) 
Wcx) (0,^00 ) for all m G Z because of (5.11). One finally gets a contradiction with (5.12). 
Therefore, the inequality T > j(k ■ e)/c was impossible, whence T < 7 (A; • e)/c and 



x + fc > tt(t, x) for all (t, x) G K x Q. 



■y k ■ e 



Similarly, by fixing the function u(t, x + k) and sliding u(t, x) with respect to t, one can 
prove that 

, s > x + k) for all (t, x) G R x Q. 



K I t 

As a consequence, 



// j t + 7 k 6 , x + k) = u(t, x) for all (t, x) G K x fi, 



(5.14) 



namely it is a pulsating traveling front in the sense of (1.20). Its global mean speed is equal 
to C7 _1 in the sense of (1.20), but it is equal to c in the more intrinsic sense of Definition 1.6 



Let now u and v be two fronts satisfying all assumptions of part (i) of Theorem 1.13 



One shall prove that u and v are equal up to shift in time. From Theorem |1.11 there exists 
(the smallest) Tel such that 

v(t + T, x) > u(t, x) for all (*, x) G R x Q 

and there exists a sequence (t n ,x n ) ne jq in R x Q such that 

(cfo(x„,r tn )) neN is bounded, and v(t n + T, x n ) - u(t n ,x n ) -)■ as n ->■ +00. 

Since both it and 11 satisfy ( |5.14[ ) for all k G L{L x • • ■ x LtvZ, one can assume without loss of 
generality that the sequence (x n ) n£ N is bounded. But since the sequence (dn(x n , r in )) ng N is 
itself bounded and since it is an invasion front, the sequence (t n )neN is then bounded as well. 
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Up to extraction of some subsequence, one can then assume that (t n ,x n ) — > (t, x) G R x Q, 
whence 

v{t + T,x) = u(t, x). 
The strong parabolic maximum principle and Hopf lemma then yield 

v(t + T, x) = u(t, x) for all (t, x) G R x U, 



which completes the proof of part (i) of Theorem 1.13 



To prove part (ii), assume, without loss of generality, that e = t\ = (1, 0, . . . , 0). Fix any 
a G R\{0}. The data Q, A, q, f, fi and p are then periodic with respect to the positive 
vector (|a|, L 2 , ...,£#)• Part (i) applied to k — (a, 0, . . . , 0) then implies that 



7 0" 

u[t+—, 

c 



A = Xi - (X, X 2 , • • • , Xat) 



for all (t, i) 6 1 x O, where 7 = 7(e) = 1 since Q is invariant in the direction e. Since this 
property holds for any a G M\{0} (and also for a = obviously), it follows that 

u(t,x) = 4>(xi — ct,x') for all (t,x) G 1R x Q, 

where x' = (X2, . . . ,xn) and the function : Q — > M. is defined by 

The function is then decreasing in ^ since u is increasing in t and c > 0. 



Lastly, part (iii) is a consequence of part (ii) and of Theorem 1.15 Namely, part (ii) 
implies that u depends only on x ■ e — ct and on the variables x' which are orthogonal to e, 
and Theorem 1.15 (its proof will be done in Section [6]) implies that u does not depend on x'j^] 



Therefore, 

u(t, x) = <f){x ■ e - ct) for all (t, x) G R x R N , 
where the function <fi : R — V R is defined by <ft(() = u(— C/c, 0, . . . , 0) for all ( 6 1, is 



decreasing in R and satisfies (f)(^oo) — p . The proof of Theorem 1.13 is now complete. □ 



6 The case of media which are invariant or monotone 
in the direction of propagation 

In this section, we assume that the domain is invariant in a direction e and we prove that, 



under appropriate conditions on the coefficients of (1.2), the almost planar fronts, which may 



not be invasions, do not depend on the transverse variables or have a constant profile in the 



6 Notice that, in this part (iii), one can assume without loss of generality that £ t = ct for all fgR, because 
of Definition 
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direction e. We start with the 



Proof of Theorem 1.15[ Up to rotation of the frame, one can assume without loss of 
generality that e = e\ = (1, 0, . . . , 0). We shall then prove that u is decreasing in x\ and 
that it does not depend on the variable x' = (x 2 , ■ ■ ■ , x^). 

First, notice that the same arguments as in Proposition 4.1 yield the inequalities (1.23). 
The proof is even simpler here due to the facts that T t = {x\ = £ t } and that assumption ( 1.22 ) 
is made. 

Actually, because of (1.22) and Definition |1.1| one can assume without loss of generality 
in the sequel that the map 1 1— >■ £ t is uniformly continuous in R. 
Fix any vector 9 G M^ -1 and call 

v(t, x) = u(t, xi, x' + 9). 



Since the coefficients of (1.2) are assumed to be independent of x', the function v is a solution 



of the same equation (1.2) as u, with the same choice of sets (Vt t ) te $ L and (T t ) 
be such that 



V(t,x) G R x 



(xi -&>A) 
(xi - & < -A) 
For all £ > 2A and x\ — £ t < A, one has 



(u(t,x) < p (t,xi) + 5) 

U(t, x) > p + (t, X\) — - 



Let A > 



(6.1) 



v*(t, x) := v{t, x x - £, x') > p + {t, x x - - - > p + (t, x 1 )-S> p-{t, Xl ) + 5 (6.2) 

because p + is nonincreasing in x\ and one can assume, without loss of generality, that 
< 25 < k, under the notation used in (1.16) and (1.17). 



Lemma 6.1 For all £ > 2 A, there holds 

(t, x) > u(t, x) for all (t, x) eRxR N such that x x -£ t >A 

and 



v^(t, x) > u(t, x) for all (t, x) G K x such that x\ — £ t < A. 



(6.3) 



(6.4) 



Proof. Fix any £ > 2A. We will just prove property (|6.3|), the proof of the second one being 

l N with x x - £t > A] 



x 



similar. Since u is bounded, the nonnegative real number 
e* = inf {e > 0; v ? (t, x) > u(t, x) — e for all (t, x) G 
is well-defined. Observe that 

v^(t, x) > u(t, x) - e* for all (t, x) G R x R N with x x - £ t > A. 



(6.5) 



Assume by contradiction that e* > 0. Then there exist a sequence (e n ) ne N of positive real 
numbers and a sequence (t = (t n ,x ltn ,x' n ) n& in 1 x K w such that 

e n — > e* as n — > +oo, and X\ n — £ tn > A, v^(t n ,x n ) < u(t n ,x n ) — e n for all n G N. (6.6) 
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Since v^(t,x) > u(t,x) when x\ — & = A from (6.1) and (6.2), and since u is globally 
C^R x R^V there exists k > such that 



v*(t,x) > u(t,x) - — for all (t,x) eRxR N such that \x x - & - A\ < k. (6.7) 
In particular, there holds 

Furthermore, we claim that the sequence (xi jn — £* n )neN is bounded. Otherwise, up to 
extraction of a subsequence, it would converge to +oo. Thus, 

v i {t n ,x n ) -p~{t n ,x^ n - £) = u(t n ,x 1>n -£,x' n + 9) -p~(t n ,x 1:n -O^0asn-> +oo 

and 

u(t n , x n ) - p~ (t n , x^ n ) -)■ as n -)> +oo. 
Since £ > and p~(t,£i) is nonincreasing with respect to x±, it would then follow that 

liminf w ? (t n ,x n ) -w(t n ,x n ) > 0, 

n— >+oo 



which contradicts (6.6). Thus, the sequence (xi >n — £t n ) n eN is bounded. 

Remember now that, because of (1.22) and Definition |1.1| the function t \- v £t can be 
assumed to be uniformly continuous. In particular, the sequence (£ 4n — £t n -i) n eN is bounded, 
whence the sequence (xi >n — £t n -i) n eN is bounded as well. Moreover, there exists a real 
number p such that 

< p < j and |£ s - £ s /| < £ for all (s, s') £ 1R 2 such that |s - s'| < p. (6.8) 
Choose now K £ N\{0} such that 

fTp > max (l,sup {|xi >n - & n _i - A|; n £ M}V 
For each n £ N and i — 0, . . . , K, set 



(6.9) 



and 



£7« 



i + 1 
/ + 



aci,n + ^ +A- x hn ) 



[x n>i - 2 p, x H)i + 2 p] x [x' £ 



»iV-l. I / 



x' -<]<!}. 



Observe that |x n ,i+i — x n> i\ < p for all < i < K — 1, from (6.9). Furthermore, since 
xi 5 „ — £t n > A + k for large n, say for n > n , it follows from (6.8) and (6.9) that 



x nfl - 2p = xi n - 2 p > £ t + A for all t % 



K 



<t<t r 
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and for all n > n . Consequently, 

E nfi c {(t,x) e 

Thus, 



x 



; X\ — £ t > A} for all n > n . 



(6.10) 



w : 



:= - (u - e*) > in E n>[ 



and 



u(t, x) — e* < u(t, x) < p (t, x\) + 5 in E n>[ 



for all n > n from (6.1 ) and (6.5). Si nce f (t, xi, ■) is nonincreasing in (— oc, p~(t, xi) + 5], it 
follows that u — £* is a subsolution of (1.2) in E nj0 for all n > n , while v* is a supersolution 
of (1.2) in R x M. N , because A and q only depend on t, and /(t, Xi, s) is nonincreasing in x\. 



Finally, for all n > no, the globally C 1 ) 
satisfies inequations of the type 



x 



) function w is nonnegative in E ni0 , it 



w t > V x ■ (A(t)V x w) + q(t) ■ V x w + b(t, x)w in E nfi 

where the sequence (||&||z,°°(.E n ,o))neN is bounded. Since w(t n , x n fl, x' n ) = w(t n ,x n ) — > as 
n — > +oo, one finally concludes from the linear parabolic estimates that 



w(t n — — , x n> i, x'^j — > as n — > +oo. 



(6-11) 



But since 



,1 - ttn-l/K > Xn,0 - P ~ £tn-l/K > A 



from (6.10) for all n > no, it follows from (6.7) and (6.11) that x n> i — £t n -i/K > A + k for n 
large enough. By repeating the arguments inductive 

x n ,i ~ it n -i/K > A + k for alH = 1, . . . , 



y, one concludes that 

K and for n large enough. 



One gets a contradiction at i — K, since x n ,K = £t n -i + A. 

As a conclusion, the assumption e* > was false. Hence, the claim (6.3) is proved, and, 
as already emphasized, the proof of (6.4) follows the same scheme. □ 



End of the proof of Theorem 1.15 Lemma 6.1 yields 



u m 



for all f > 2A. 



Now define 



£* = inf {£ > 0, v^' > u in 



x 



for all f > Cj- 



One has < C < 2A, and v^(t,x) > u(t,x) for all (t,x) G E x 
£* > 0. Two cases may occur: 
Case 1: assume here that 

inf [v^(t,x) - u(t,x); \xi - &| < A} > 0. 



Assume now that 
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From the boundedness of u Xl , there exists then r] G (0,£*) such that 

~ v (t,x) > u(t,x) for all 77 G [0,77 ] and \x% — £t\ < A. 

Since 

u (i, x) > «(t, x) > a?i) — - for all x\ — £t < —A, 
one can assume that 770 > is small enough so that 

v e ~ v (t, x) > p + (t, xi) - 6 for all x x - & < -A. 



(6.12) 



Applying again the arguments used in Lemma 6.1 , one then concludes that, for all 77 G [0, 770], 
there holds v^-^^.x) > u(t,x) for all (t,x) eRxR N such that 2C1-& < --4 or aci-& > A. 



Eventually, together with (6.12) 



> m in 1 x 



for all 77 G [0, tjq], which contradicts the minimality of £*. Thus, case 1 is ruled out. 
Case 2: one then has 

inf {v**(t,x) -u(t,x); |a;i - &| < A} = 0. 
There exists then a sequence (t n , x n ) nE ^ = (t n , xi >n , x' n ) ne ^ in R x IR^ such that 
|^i,n-£j < ^ for all nGN, 

u(t n ,x 1)n - C, x ' n + u(t n ,x n ) = v^(t n ,x n ) - u(t n ,x n ) -> asn^ +00. 



Fix now any cr > and m G N\{0}. Since v^* > u and is a supersolution of (1.2) 



m K x 



the linear parabolic estimates then imply that 



u (tn - — , aci in - 2«f , x' n + 26) -u (t n - — , x ln - f *, x' n + 

= v? (t n - — ,xi n -£*,x? n + 9) -u (t n - — ,x ln -C,rt n + Q) — > as n ^ +00. 
V m / V m J 

By immediate induction, one gets that 



u (t n - k—,xi, n - (k + l)i*,x' + {k + 1)6) -u(t n - k—,xi, n - + 

for each k = 1, . . . , m. Therefore, 

limsup \u(t n - a,xi tn - (m + l)C,x' n + (m + 1)0) - w(t n ,x n )| < (r||Mt||z, 



fc0 



n— >+oo 



0. 



n— >+oo 



Similarly, by considering the points (t n — ka/m, X\^ n + k£*, x' n + k6), one gets that 

limsup \u(t n - a,x 1>n + (m - l)C,x' n + (m - 1)6) - u(t n ,x n )\ < a\\u t ||z/*. (RxR ;v). 

n— »+oo 
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Hence, 



limsup \u(t n — cr,xi >n — (m + l)£*,x' n + (m + 1)0) 

n— >+oo 

-u(t n - a, xi jn + (m -1)6*, x' n + {m-l)6)\ < 2<x||w t || LO o (Kx 



Choose now o > such that 



2cr||w t I 



L°°(Rx 



< 



(6.13) 



(6.14) 



But \xi >n — 6t„| < ^4 for all n G N and the sequence (6t n — it n -a)nm is bounded from the 



assumption made in Theorem 1.15 Therefore, the sequence (xi >n — £ tn -a)nevi is bounded. 
Let C > be such that 



(xi >£t + C) =^ (u(t, x) < p- (t, + ^ 
(xi < 6t - C) => (u(t, x) > p + (t, xi 

Since 6* is assumed to be positive, there exists to G N\{0} such that 

xi, n + (m - 1)6* > 6^-* + C and x 1>n - (to + 1)6* < 6t„- CT - C for all n G N. 

Thus, 

u(t n -<7,a;i jn + (m-l)f*,a^+(m-l)0) < p~(t„ - <r, aci, n + (to - 1)6*) + ' 

< P~(*n - V,Xl,n) + ^ 

and 

tt(t n - a,xi, n - (to + 1)6*, , + (m + 1)0) > p + (t„ - (7,xi, n - (to + 1)6*) - - 

> P + (U - cr,xi jri ) 
for all n G N, because p are nonincreasing in Xi. Hence, 



4 



u(t n - a, x hn - (to + 1)6*, < + (to + 1)6>) - «(t n - a, x 1>n + (to - 1)^*, < + (m - 1)9) 
> P + (t n - <r,xi,n) -P~(t n - cr,xi 5 „) - - > - for all n G N, 

by definition of k. Therefore, 

limsup | u(t n — a, xi >n — (m + 1)6*, x' n + (m + 1)6*) 

n— >+oo 

-u(t n - a, x ljn + (to - 1)6*, < + (to - 1)0) I > -, 



while it is less than or equal to k/4 from (6.13) and (6.14). 
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One has then reached a contradiction, which means that £* = 0. Then, 



v(t,xx -£,x' + 9) > u(t,x 1 ,x') for all (t,x 1 ,x') elxi* f > and 9 G 



>JV-1 



As a consequence, u is nonincreasing in xi and it does not depend on x' . Furthermore, the 
strong parabolic maximum principle, together with the same arguments as above, implies 
that u is actually decreasing in x\. That completes the proof of Theorem 1.15 □ 



Proof of Theorem 1.14 , Assume that all assumptions made in Theorem 1.14 are satisfied. 
Up to rotation of the frame, one can assume without loss of generality that e — e% — 
(1, 0, . . . , 0). Consider first the case where c > 0. There exists e G { — 1,1} such that 



it 'is 



— > e c as t — s — > ±oo and sup — ect\\ t G M} < +oo. 



The function 



v(t, x) = u(t, x + ecte) = u(t, x\ + ect, x') 
is well-defined for all (t,x) G R x Q (because Q is invariant in the direction e) and it satisfies 

v t = V x -(A(x')V x v) + q(x')-V x v + ecv Xl + f(x',v) inRxfi, 
fx(x') ■ V x v = on R x dtt, 

because A, q, \i and / are independent of x\ (and of t). Furthermore, since p ± only depend 
on x' , v is a transition front connecting p~ and p + , with the sets 

Uf = {x e Q, ±x\ < 0} and f t = [x G O, = 0}. 



With the same type of arguments as in the proof of Theorem |1.15| above, one can then fix 
any £ G R and slide v(t + £, x) with respect to f in the Xi-direction. It follows then that 

v(t + C,X!- £, x) > v(t, xi, x) for all (i,i)eRxfl, ^ > and ( G R. 

Therefore, v is independent of t and it is nonincreasing in x\. As above, f is then decreasing 
in x\. That gives the required conclusion in the case where c > 0. 



In the case where c = 0, the function t h- >• & is then bounded. Because of Definition 1.1 



one can then assume, without loss of generality, that £t = for all tel. The functions p 
and / may depend on x\, but are assumed to be nonincreasing in x±. For any ( G R and 



^ > 0, the function u(t + (,x\ — is then a supersolution of the equation (1.2) which 
is satisfied by u. One can then slide u(t + (,xi,x') with respect to u in the (positive) 



Xi-direction, and it follows as in the proof of Theorem 1.15 that 

u(t + (,xi- > u{t,x x ,x') for all (t,x) G R X U, £ > and ( G R. 
As usual, one concludes that u does not depend on t and is decreasing in x\. 



□ 
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